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To complete the proof it suffices to prove that (K,f) is a triangulation of
X (that is, that f is a homeomorphism). If v is a vertex of K, then st v,
being contractible, is evenly covered by p. For © € p~1(v) let U; be the
component of p~1(st v) containing ©. Then p | U; is a homeomorphism of Us
onto st v. By the definition of K and ¢, |¢| | st © is a homeomorphism of st &
onto st v for & € p~1(v). From the commutativity of the above triangle,
f| st ©is a homeomorphism of st © onto U for © € p~1(v). Since |@| (st v) =
U{st ©|5-€ p~1(v)}, f||p|" (st v) is a homeomorphism of |p|~I(st v) onto
p~1(st v). Since this is so for every vertex v of K, f is a homeomorphism of K|
onto X. =

The following corollary is an interesting application of these results.
4 COROLLARY Any subgroup of a free group is free.

PROOF Let F be a free group. It follows from example 3.7.6 that there is a
polyhedron (in fact, a wedge of 1-spheres) X with base point xo such that
7(X,x0) = F. Let F' be any subgroup of F. Under the above isomorphism F’
corresponds to some subgroup H C m(X,xo). Let p: X — X be a covering pro-
jection such that X is path connected, p(%y) = xo, and p#w(f(,y"co) = H. By
theorem 3, X is homeomorphic to the space of a connected graph. By corol-
lary 3.7.5, n(X,%) is a free group. =

If K is a finite connected graph, it follows from corollary 3.7.5 that
E(K,vp) is a free group on 1 — ng + ny generators, where ng is the number
of vertices of K and n; is the number of 1-simplexes of K. If p: X — |K] is a
covering projection of multiplicity m, the number of g-simplexes in the corre-
sponding triangulation (K,f) of X (given by theorem 3) equals mn,, where ng
is the number of g-simplexes of K. Therefore the method used to prove
corollary 4 also yields the following result.

5 coroLLARY Let F be a free group on n generators and let F' be a sub-
group of F of index m. Then F' is a free group on 1 — m + mn generators.

We now investigate the effect on the fundamental group of the process
of attaching cells. Let A be a closed subset of a space X. X is said to be
obtained from A by adjoining n-cells {e}, where n > 0, if

(a) For each j, e/ is a subset of X.

(b) If ¢j» = ¢;» N A, then for j 7= f, ej» — ¢ is disjoint from e;» — é;n.

() X has a topology coherent with {A,g;"} and X = A U U;e;™

(d) For each j there is a map

fir (EnS¥1) — (e,6,")

such that f;(E®) = e, f; maps E® — S»~1 homeomorphically onto ej* — é;7,
and e;" has the topology coinduced by f; and the inclusion map é» C e;n.

Note that if n = 0, X is the topological sum of A and a discrete space.
A map f;: (EnS"1) — (ejn,é") satisfying condition (d) above is called a
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characteristic map for e;", and f;| S»~1: $*~1 — A is called an attaching map
for ;. X is characterized by A and the collection {f;|S*™1} of attaching
maps. Given A and an indexed collection of maps {g;: S"" — A}, there is a
space X obtained from A by attaching n-cells {e/"} by the maps g;. X is
defined as the quotient space of the topological sum VEjv A, where
E;» = E» for each j, by the identifications z € S;»~! equals gj(z) € A. Then the
inclusion map (E/,S»1) C (V Ej*v A, V g1y A) followed by the projec-
tion to (X,A) is a characteristic map fj: (E, S 1) — (X,A) for an n-cell
e = filEm).
Following are two examples.

6 If K is a simplicial complex, |K? is obtained from |K?71| by adjoining
g-cells {|s|| s is a g-simplex of K}.

7 Fori=1,2 or4let F;be R, C, or Q, respectively, and for g > 0 let
P,(F;) be the real, complex, or quaternionic projective space of dimension g.

P,(F;) is imbedded in P, 1(F;) by the map [to, t1, . . . ,tg] = [to, t1, . - . ,4,0]
for t; € F;. Then P,,1(F;) is obtained from Py(F;) by adjoining a single (q + 1)i-
cell. If E@+Di s identified with the space {(to,t1, . . . ,tg) € Fi7™ | 22 <13,

then a characteristic map f: (EW@tDi,SatDi=1) — (P, 1(F;),Py(F;)) for this
single cell is defined by the equation

fltots, « -« oty = [tostt, « + « ote 1T — 2[1(2]

8 vremma Let X be obtained from A by adjoining n-cells for n > 2. Then
for any point x9 € A the inclusion map i: (Axo) C (X,x0) induces an
epimorphism

i, m(A,x0) — 7(X,x0)

PROOF Let X be obtained from A by adjoining the n-cells {¢;*}, and for each
jlet y; € e/* — ¢;7 and let B; be a neighborhood of y; in ¢/* — ¢, homeomor-
phic to En. Let w: (I,I) — (X,x0) be a closed path at xo. We show that  is
homotopic to a path in U = X — {y;};. By the compactness of I, we can sub-
divide I by points 0 = ¢, < t; < --- < t, = 1 such that for 0 < i < n either
w[ti,tiﬂ] C U or w[ti,ti“] - Bj for some ] If w[ti,ti+1] U w[ti+1,ti+2] (- Bj,
we can omit the point #;,1 from the subdivision of I to obtain another subdi-
vision of I with the same property. Continuing in this way we can obtain a
subdivision such that if o[#;,t;1] C By, then neither w(t;_;,t] nor w[t;,1,ti2]
is contained in B;. It follows that w(t;) 7= y; and w(t; 1) = y;. For each such 1,
because B; — y; is path connected and B; is simply connected, o | [t;,ti41] is
homotopic rel {#;,ti.1} to a path contained in B; — y;. Since altogether there
are only a finite number of such subintervals of I, w ~ ', where «'(I) C U.
Because S*~1is a strong deformation retract of E* minus a point, it follows
that ;" is a strong deformation retract of ¢/* — y;. Therefore A is a strong defor-
mation retract of U and o’ ~ "/, where w”(I) C A. Then i [0"] = [w]. =
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9 coroLLARY Forall n > 0, P,(C) and Py(Q) are simply connected.

PROOF Because Po(C) and Po(Q) are each one-point spaces, the result follows
by induction on g, using lemma 8 and the fact that P, 1(C) is obtained from
P,(C) by adjoining a 2(q + 1)-cell and P,,1(Q) is obtained from P,(Q) by
adjoining a 4(q + 1)-cell. =

We want to compute the kernel of i, for the case n = 2. Given any map
g: S — A, where A is path connected, and given a point xo € A, a normal
subgroup of 7(A,x,) is determined as follows. If g(po) = %1 and w is a path in
A from xo to x1, then hp,g.(m(51,po)) is a cyclic subgroup of 7(A,xo), and for a
different choice of w we obtain a conjugate subgroup in 7(A,xo). Therefore
the normal subgroup of m(A,xo) generated by hy,g.(7(S1,po)) is independent
of the choice of the path w. Similar statements apply to a collection of maps
{g;: St — A}. There is a well-defined normal subgroup of 7(A,xo) determined
by these maps.

10 tHEOREM Let A be a connected polyhedron and let X be obtained from
A by attaching 2-cells to A by maps {g;: St — A}. If N is the normal sub-
group of m(A,xo) determined by the maps {g;}, then

W(A,x()) i W(X,X'o)
is an epimorphism with kernel N.

pROOF By lemma 8, iy is a surjection. Let p: A -—>Abea covering projection
such that A is path connected, p(¥o) = %o, and py(m(A,%)) = N. Because N is
normal in 7(A,xo), p is a regular covering projection. Because N is the subgroup
determined by the maps {g;}, each map g; lifts to a map g;: S' — A. Let X
be the space obtained from A by attaching 2-cells for all the lifted maps {g;}
and extend p to a map p’: X — X such that p’ maps each 2-cell of X homeo-
morphically onto its corresponding 2-cell of X. Then p’ is easily seen to be a
covering projection.

We know from the definition of N that iy(N) = 1. Assume that
[w] € m(A,xo) is in the kernel of iy Let @ be any lifting of w in A such that
®(0) = %. Then & is a lifting of @ in X. Because w is null homotopic in X,
@ is a closed path in X. Therefore & is a closed path in A, and so

[0] = pglo] €N =

Note that for the proof of theorem 10 it was not necessary that A be a
connected polyhedron. It would have been sufficient to assume A path
connected, locally path connected, and semilocally 1-connected.

11 coroLLaRY For any group G there is a space X with 7(X,x) = G.

PROOF Represent G as the quotient group of a free group F and a normal
subgroup N. There is a polyhedron A such that 7(A,xo) = F (in fact, as in
example 3.7.6, A can be taken to be a wedge of 1-spheres). For each A € N
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let gy: (S,po) — (A,x0) be a map such that [g,] corresponds to A under the
isomorphism 7(A,xo) = F. Let X be the space obtained from A by attaching
2-cells by the maps {g\}. By theorem 10, there is an isomorphism m(X,x) =~ G. =

We now specialize to the case of a surface. These are the spaces of finite
two-dimensional pseudomanifolds without boundary. An n-dimensional
pseudomanifold without boundary (or absolute n-circuit) is a simplicial com-
plex K such that

(a) Every simplex of K is a face of some n-simplex of K.

(b) Every (n — 1)-simplex of K is the face of exactly two n-simplexes of K.
(¢) If s and &' are n-simplexes of K, there is a finite sequence
§ = 81,82, . . .,Sm =S of n-simplexes of K such that s; and s;,; have
an (n — 1)-face in common for 1 < i < m.

We define a surface to be the space of a finite two-dimensional pseudo-
manifold without boundary in which the star of every vertex is homeomor-
phic to R2. It can be shown! that every surface has a normal form consisting
of a polygon in the plane with identifications of its edges. These fall into
classes, those with h > 0 handles and those with k crosscaps. The surface
with 0 handles is the polygon with identifications of its edges pictured as

a

a
Surface with 0 handles

Topologically it is homeomorphic to the 2-sphere S2. For h > 0 the surface
with A handles is pictured as

b, a
az bl

ay az

Surface with h > 0 handles

The surface with one handle is topologically the torus.

1See S. Lefschetz, Introduction to Topology, Princeton University Press, Princeton, N.]., 1949,
and H. Seifert and W. Threlfall, Lehrbuch der Topologie, B. G. Teubner, Verlagsgesellschaft,
Leipzig, 1934.
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For k > 1, the surface with k crosscaps is pictured as

C1 Cy

Ck C2

Surface with k crosscaps

The surface with one crosscap is topologically the real projective plane P2,
and the surface with two crosscaps is topologically the Klein bottle.

The normal form represents a surface with h > 1 handles as a wedge of
2h 1-spheres with a single 2-cell attached by a suitable map. If A is the wedge
of 2h l-spheres, then 7(A) is a free group on 2h generators, which generators
we denote by a; and b;, where 1 < i < n. If X is the surface with h handles,
X is obtained from A by attaching a single 2-cell to A by a map g: S - A
such that g, maps a generator of 7(S!) to the element aibia1 byt - -
arbpar™thy ™1 € 7(A). Theorem 10 then provides a description of #(X) in
terms of generators and relations. Similar remarks apply to a surface with
k > 1 crosscaps. The result is summarized below.

12 The fundamental group of a surface is

(a) Trivial for the surface with no handles.

(b) A group with generators a1, by, . . . , an, by and the single relation
a;biay™1by1 - apbyay byt = 1 for a surface with h > 1 handles.

() A group with generators ¢y, ¢2, . . ., ¢, and the single relation
c1%¢e? - - - cx?® = 1 for a surface with k > 1 crosscaps. ®

EXERCISES

A TOPOLOGICAL PROPERTIES OF POLYHEDRA

1 Prove that a compact polyhedron is an absolute neighborhood retract. (Hint: Assume
X = |K] and let K be a subcomplex of a simplex s. Use induction on the number of sim-
plexes in s — K and the fact that a retract of an open subset of an absolute neighborhood
retract is an absolute neighborhood retract.)

2 Give an example of a space X and closed subset A C X such that A and X are both
polyhedra but (X,A) is not a polyhedral pair.

3 Prove that an open subset of a compact polyhedron is a polyhedron. [Hint: Since
K| — U is a G;, there exists a sequence of open subsets V; of |K| such that
M v; = |K| — U. By induction on n, construct a sequence of subdivisions K, and sub-
complexes L, C K, such that (@) K, is finer than the covering {U,V,}, (b) L, is the
largest subcomplex of K, such that |L,| C U, and (c) K41 is a subdivision of K, contain-
ing L, as subcomplex. Then L = U L, is a simplicial complex such that |L| = |K| — U.]
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4 Let Y be an n-connected space and K be a simplicial complex. Prove that any con-
tinuous map |K| — Y is homotopic to a map which sends [K"| to a single point. It
fo, fi: (IK|,|K"|) = (Y,yo) are homotopic, prove that they are homotopic relative to |[Kn 1.

5 Let Y be a space which is n-connected for every n and let (X,A) be a polyhedral pair.
Prove that two maps X — Y which agree on A are homotopic relative to A.

6 Prove that a polyhedron is contractible if and only if it is n-connected for every n.
If it has finite dimension m, it is contractible if and only if it is m-connected.

B EXAMPLES
1 Prove that P is a polyhedron for all n.

2 Let K be the simplicial complex consisting of vertices v1, v, . . . , v, and simplexes
{v1,02}, {v2,03}, . . ., {Up-1,0p}, and {vp,01} and let I be the simplicial complex with
0 and 1 as vertices and {0,1} as l-simplex. Then K * I is a simplicial complex with
vertices v, . . . , Up, 0, and 1. If g is an integer relatively prime to p and v; is defined
for all integers i to be equal to v; if i = j mod p, then let X be the space obtained from
|K * I| by identifying the 2-simplex {v;,0;41,0} linearly with the 2-simplex {0i1g,0i4q+1,1}
for all i. Prove that X is homeomorphic to the lens space L(p,g) and that X is a polyhedron.

3 Prove that the generalized lens space L(p, g1, . . . ,Gs) is a polyhedron.

4 If X and Y are polyhedra and one of them is locally compact, prove that X * Y and
X X Y are also polyhedra.

C PSEUDOMANIFOLDS

A simplicial complex is said to be homogeneously n-dimensional if every simplex is a face
of some n-simplex of the complex. An n-dimensional pseudomanifold is a simplicial
complex K such that

a) K is homogeneously n-dimensional.
b) Every (n — 1)-simplex of K is the face of at most two n-simplexes of K.
¢

(
(
(

) If sand s’ are n-simplexes of K, there is a finite sequence s = s1, 82, . . ., $u = &
of n-simplexes of K such that s; and s;;; have an (n — 1)-face in common for
1<i<m

The boundary of an n-dimensional pseudomanifold K, denoted by K, is defined to be
the subcomplex of K generated by the set of (n — 1)-simplexes which are faces of exactly
one n-simplex of K. (If K is empty, then K is an n-dimensional pseudomanifold without
boundary, as defined in Sec. 3.8.)

1 Prove that an n-simplex is an n-dimensional pseudomanifold whose boundary, as a
pseudomanifold, is s.

2 1If K is a pseudomanifold and L is a subdivision of K, prove that L is a pseudo-
manifold and . = L | K.

3 If K is a finite 1-dimensional pseudomanifold, prove that K is either empty or con-
sists of exactly two vertices.

4 Give an example of an n-dimensional pseudomanifold K such that K is neither
empty nor an (n — 1)-dimensional pseudomanifold.

D SIMPLICIAL MAPS
In the first four exercises K will be a finite n-dimensional pseudomanifold, where n > 0,
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with nonempty boundary K, K’ will be a simplicial subdivision of K, and ¢: K’ — K will
be a simplicial map such that ¢ | K’ maps K’ to K and is a simplicial approximation to
the identity map |K’| C |K|. Furthermore, s»~! will be a fixed (n — 1)-simplex of K and
s" will be the unique n-simplex of K having s7~1 as a face.

1 For each n-simplex s’ of K’ let a(s’) be the number of (n — 1)-faces of s mapped
onto s»~1 by @. Prove that a(s) = 1 if and only if ¢ maps s” onto s* and that a(s’) = 0
or 2 otherwise.

2 Prove that the number of n-simplexes of K’ mapped onto s* by @ has the same parity
as the number of (n — 1)-simplexes of K’ mapped onto s~ by ¢. [Hint: They both have
the same parity as 2 a(s’), the summation being over all n-simplexes s’ of K'.]

3 Sperner lemma. Prove that the number of n-simplexes of K’ mapped onto s* by ¢ is
odd. (Hint: Use induction on n.)

4 Prove that |K] is not a retract of |K].

3 Brouwer fixed-point theorem. Prove that every continuous map of E to itself has a
fixed point.

E SIMPLICIAL MAPPING CYLINDERS

Let ¢: K — L be a simplicial map between simplicial complexes whose vertex sets are
disjoint. We assume that the vertices of K are simply ordered. The simplicial mapping
cylinder M of @ is the simplicial complex whose vertex set is the union of the vertex sets
of K and L and whose simplexes are the simplexes of K and of L and all subsets of sets
of the form {vo, . . . 01, @(vr), . . . .@(vp)}, where {vo,v1, . . . ,v,} is a simplex of K
and vy < vy < - -+ < v, in the simple ordering of the vertices of K.

1 Prove that the inclusion maps i: K C M and j: L C M are simplicial maps. If
p: M — L is defined by p(v) = ¢(v) for v a vertex of K and p(v') = v’ for v’ a vertex of L,
then prove that p is a simplicial map such thatp = peiandp°j = 1.

2 If K is finite, prove that j ° p and 1y are contiguous.

3 Prove that |L| is a deformation retract of |M]|.

F  EDGE-PATH GROUPS

1 Prove that if K is a simplicial complex, there is a one-to-one correspondence between
equivalence classes of local systems on [K| with values in € and natural equivalence
classes of covariant functors from the edge-path groupoid of K to C.

2 Van Kampen’s theorem for simplicial complexes.! Let K be a connected simplicial
complex with connected subcomplexes Ly and Lz such that Ly N Ls is connected and
K =L; U L. Let vo be a vertex of Ly N Ly and let iy: (Ly N Lz, vy) C (Ly,00) and
ig: (Ly N Le, vo) C (La,vo). Prove that E(K,vg) is isomorphic to the quotient group of the
free product of E(L;,v0) with E(Lg,v0) by the normal subgroup generated by the set

{(i1,8]) * (2,817 | ] € E(Ly N Lg, vo)}
3 If Gis a finitely presented group, prove that there is a finite connected two-dimen-
sional simplicial complex K whose edge-path group is isomorphic to G.

1 For the topological case see P. Olum, Non-abelian cohomology and Van Kampen’s theorem,
Annals of Mathematics, vol. 68, pp. 658-668, 1958.
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4 Let X be a space with base point xy € X. Prove that there exists a polyhedron Y,
with base point yo € ¥, and a continuous map f: (Y,yo) — (X,xo) such that
fut m(Y,yo) = m(X,x0).

G NERVES OF COVERINGS

If A = {U} in an open covering of a space X and K(?) is its nerve, a canonical map
f: X — |[K()] is a continuous map such that f~1(st U) C U for every U € QL

1 If Ais alocally finite open covering of X, prove that there is a one-to-one correspond-
ence between canonical maps X — |K()| and partitions of unity subordinate to .

2 If A is a locally finite open covering of X, prove that any two canonical maps
X — |K(U)| are homotopic.

If ? and V are open coverings of X, with “Va refinement of U, a canonical projection from
¥ to % is a function ¢ which assigns to each VE 7 an element ¢(V) € % such that
V C (V).

3 Prove that a canonical projection from ¥V to QU defines a simplicial map K(%V) — K(l)
and any two canonical projections from V' to QU define contiguous simplicial maps
K(V) — K().

4 If ¢: K(V) — K() is a canonical projection and f: X — |K(V)| is a canonical map,
prove that the composite |@| © f: X — [K(2)| is a canonical map.

3 Let X be a paracompact space and let g: X — |K| be a continuous map (where K is
a simplicial complex). Prove that there exists a locally finite open covering A of X and a
simplicial map @: K(?1) — K such that for any canonical map f: X — |K(%)| the com-
posite || © f is homotopic to g. [Hint: Choose QU to be any locally finite open refinement
of the open covering {g~1(st v) | v a vertex of K}, and for U € QU choose ¢(U) a vertex
of K such that U C g (st (U )).]

6 Let X be a compact Hausdorff space and let K be a simplicial complex. Prove that
there is a bijection

lim., {[K(U)K]} = [X;|K]]

where the direct limit is with respect to the family of finite open coverings of X directed
by refinement with maps induced by canonical projections and the bijection is induced
by canonical maps.

H DIMENSION THEORY

A topological space X is said to have dimension < n, abbreviated dim X < n, if every
open covering of X has an open refinement whose nerve is a simplicial complex of
dimension < n. If dim X < n but dim X £ n — 1, then X is said to have dimension n,
denoted by dim X = n. If dim X 4 n for any n, we write dim X = oo.

1 If A is a closed subset of X, prove that dim A < dim X.

2 If K is a finite simplicial complex with dim K < n, prove that dim |K| < n.

3 If sis an n-simplex, prove that dim |s| = n. (Hint: Let A be the open covering of
s| of stars of the vertices of s and assume that there is a refinement V' of A such that
dim K(V) < n — 1. Let K’ be a subdivision of s finer than V. There are simplicial maps

K’ — K(¥) — s whose composite A is a simplicial approximation to the identity map
IK'| € ls].)
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4 Let X be a paracompact space with dim X < n. Prove that any map X — S™, with
m > n, is null homotopic.

3 Let X be a compact metric space and let C be the space of maps f: X — R2»*1

topologized by the metric
d(f.g) = sup (Il flx) — gl [ € X}

Prove that C is a complete metric space, and if
Cn = {f€ C|diam f1(z) < = for all z € R2n1)

then show that C,, is an open subset of C for every positive integer m and 1 C,, is the
set of homeomorphisms of X into R2#+1,

6 If X is a compact metric space of dimension < n, prove that C,, is a dense subset
of C for every positive integer m. [Hint: Let 9 be a finite open covering of X by sets of
diameter < 1/m such that dim K() < n and let h: |K()] — R27*1 be a realization of
K(1). If f+ X — |K()] is any canonical map, then h ° f € C,,. Given g: X — R2**1 and
given ¢ > 0, show that it is possible to choose A and h as above, so that d(h ° f, g) < e.]

7 If X is a compact metric space of dimension < n, prove that X can be embedded in
R27*1 (in fact, the set of homeomorphisms of X into R?7*1 is dense in C).



CHAPTER FOUR
HOMOLOGY



THIS CHAPTER INTRODUCES THE CONCEPT OF HOMOLOGY THEORY, WHICH IS OF
fundamental importance in algebraic topology. A homology theory involves a
sequence of covariant functors H, to the category of abelian groups, and we
shall define homology theories on two categories-the singular homology theory
on the category of topological pairs and the simplicial homology theory on the
category of simplicial pairs. The former is topologically invariant by definition
and is formally easier to work with, while the latter is easier to visualize
geometrically and by definition is effectively computable for finite simplicial
complexes. The two theories are related by the basic result that the singular
homology of a polyhedron is isomorphic to the simplicial homology of any of
its triangulating simplicial complexes.

The functor H, measures the number of “n-dimensional holes” in the
space (or simplicial complex), in the sense that the n-sphere S has exactly one
n-dimensional hole and no m-dimensional holes if m =~ n. A 0-dimensional
hole is a pair of points in different path components, and so Hy measures
path connectedness. The functors H,, measure higher dimensional connected-
ness, and some of the applications of homology are to prove higher dimensional

155
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analogues of results obtainable in low dimensions by using connectedness
considerations.

Sections 4.1 and 4.2 are devoted to the definition of the category of chain
complexes and to an appropriate concept of homotopy in this category.
Homology theory is introduced as a sequence of covariant functors naturally
defined from the category of chain complexes to the category of abelian groups.

Simplicial homology theory is defined by means of a covariant functor
from the category of simplicial complexes to the category of chain complexes.
We study it in detail in Sec. 4.3, where it is shown that two different defini-
tions (one based on oriented simplexes, the other on ordered simplexes) are
isomorphic. In similar fashion, singular homology theory is defined via a
covariant functor from the category of topological spaces to the category of
chain complexes. Its basic properties are considered in Sec. 4.4, where it is
shown that “small” singular simplexes suffice to define singular homology.

Section 4.5 introduces the concept of exact sequence. All the homology
functors H, occur together in the exact sequences of homology, and it is for
this reason that we consider all these functors simultaneously, rather than one
at a time. Section 4.6 is devoted to the exact Mayer-Vietoris sequences con-
necting the homology of the union of two spaces (or simplicial complexes),
the homology of the spaces, and the homology of their intersection. We use
these to prove the isomorphism of the simplicial homology groups of a simplicial
complex with the singular homology groups of its corresponding space.

Section 4.7 contains some applications of homology theory. We prove
that euclidean spaces of different dimensions are not homeomorphic. We also
prove the Brouwer fixed-point theorem and the more general Lefschetz fixed-
point theorem. Finally, we prove Brouwer’s generalization of the Jordan curve
theorem (that an (n — 1)-sphere imbedded in S» separates S* into two com-
ponents), and we establish the invariance of domain. Section 4.8 contains a
discussion of the axiomatic characterization of homology given by Eilenberg
and Steenrod, as well as some related concepts.

l CHAIN COMPLEXES

This section introduces the category of chain complexes and chain maps and
the homology functor on this category. We also define covariant functors from
the category of simplicial complexes and from the category of topological
spaces to the category of chain complexes. The composites of these and the
homology functor define homology functors on the category of simplicial
complexes and on the category of topological spaces.

A differential group C consists of an abelian group C and an endomor-
phism d: C — C such that 90 = 0. The endomorphism 0 is called the differ-
ential, or boundary operator of C. There is a category whose objects are
differential groups and whose morphisms are homomorphisms commuting
with the differentials.
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For a differential group C there is a subgroup of cycles Z(C) = ker ¢ and
a subgroup of boundaries B(C) = im 0. Because 90 = 0, B(C) C Z(C). The
homology group H(C) is defined to be the quotient group

H(C) = Z(C)/B(C)

The elements of H(C) are called homology classes. If zis a cycle, its homology
class in H(C) is denoted by {z}. Two cycles z; and zg are homologous, denoted
by z; ~ z3, if their difference is a boundary, that is, if {z1} = {22}.

If 1 C — C’ is a homomorphism of differential groups commuting with
the differentials, then T maps cycles of C to cycles of C’ and boundaries of C
to boundaries of C’. Therefore 7 induces a homomorphism

e :H(C) — H(C")

such that 7, {z} = {1(2)} for z € Z(C). Because (T172); = Ti4 724, there is a
covariant functor from the category of differential groups to the category of
groups which assigns to a differential group C its homology group H(C) and
to a homomorphism 7 its induced homomorphism 7, .

A graded group C = {C,} consists of a collection of abelian groups C,
indexed by the integers. Elements of C, are said to have degree q. A homo-
morphism 1: C — C’ of degree d from one graded group to another consists of a
collection 7 = {74: Cy — Cy.4} of homomorphisms indexed by the integers. We
shall omit the subscript in 7, where there is no likelihood of confusion. It is
obvious that the composite of homomorphisms of degrees d and d’ is a homo-
morphism of degree d + d’, and that there thus is a category of graded
groups and homomorphisms (with each homomorphism having some degree).
It has a subcategory of graded groups and homomorphisms of fixed degree 0.
Because the sum of two homomorphisms from C to C' of degree 0 is again a
homomorphism from C to C’ of degree 0, hom (C,C’) is an abelian group
[hom (C,C’) being the set of morphisms in the category whose morphisms are
homomorphisms of degree 0].

A differential graded group (sometimes abbreviated to DG group) is a
graded group that has a differential compatible with the graded structure
(that is, the differential is of degree r for some r). A chain complex is a differ-
ential graded group in which the differential is of degree — 1. Thus a chain
complex C consists of a sequence of abelian groups C, and homomorphisms

0q: Cqg— Cy1

indexed by the integers such that the composite
Og+1 9q
Cq+1 — Cq rd Cq_l

is the trivial homomorphism. The elements of C, are called g-chains of the
complex. Most of the chain complexes we consider will have the additional
property that Cy = 0 for ¢ < 0. Such a complex is said to be nonnegative.
A free chain complex is a chain complex in which C, is a free abelian group
for every q.
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For.a chain complex the group of cycles Z(C) is a graded group consist-
ing of the collection {Z4(C) = ker 9.}, and the group of boundaries B(C)is a
graded group consisting of {B,(C) = im 9,1}. The homology group H(C) is
a graded group consisting of {Hy(C) = Z4(C)/B4(C)}.

A chain map : C— C' (also called a chain transformation) between
chain complexes is a homomorphism of degree 0 commuting with the differ-
entials. Thus 7 is a collection {74: C; — Cg} such that commutativity holds in
each square

q
Cq — Cg-1

TQ\L \t/'rq—l
,

It is clear that there is a category of chain complexes whose objects are chain
complexes and whose morphisms are chain maps. It is also clear that if
C and C’ are two objects in this category, hom (C,C’) is an abelian group.

If . C — (' is a chain map, its induced homomorphism

T, H(C) — H(C")

is the homomorphism of degree 0 such that (7 ){2} = {74(z)} for z € Z,(C).
The following theorem is easily verified.

1 tHEOREM There is a covariant functor from the category of chain com-
plexes to the category of graded groups and homomorphisms of degree 0
which assigns to a chain complex C its homology group H(C) and to a chain
map 7 its induced homomorphism 7. For any two chain complexes the map
T — Ty is @ homomorphism from hom (C,C’) to hom (H(C),H(C")). =

A subcomplex C' of a chain complex C, denoted by C' C C, is a chain
complex such that C; C C, and 95 = 94| Cy for all g. There is then an inclu-
sion map i: C' C C consisting of the collection of inclusion maps {C; C Cg}.
There is also a quotient chain complex C/C" = {C,/C;} with boundary oper-
ator induced from that of C by passing to the quotient. The collection of pro-
jections {C, — C,/Cy} is the projection chain map C — C/C.

To describe a covariant functor from the category of simplicial complexes
to the category of free chain complexes, let K be a simplicial complex. An
oriented g-simplex of K is a g-simplex s € K together with an equivalence
class of total orderings of the vertices of s, two orderings being equivalent if
they differ by an even permutation of the vertices. If vg, v1, . . . , vq are the
vertices of s, then [vg,v1, . . . ,v,] denotes the oriented g-simplex of K
consisting of the simplex s together with the equivalence class of the ordering
vy < vy < - -+ < g of its vertices.

For g < 0 there are no oriented g-simplexes. For every vertex v of K
there is a unique oriented 0-simplex [v], and to every g-simplex, with g > 1,
there correspond exactly two oriented g-simplexes. Let Cy(K) be the abelian
group generated by the oriented g-simplexes 7 with the relations 619 + 629 = 0
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if 617 and 0,7 are different oriented g-simplexes corresponding to the same
g-simplex of K. Then Cy(K) = 0 for ¢ <0, and for ¢ > 0 Cy(K) is a free
abelian group with rank equal to the number of g-simplexes of K. If K is
empty, Co(K) = 0 for all gq.

We define homomorphisms 84: Co(K) — C4-1(K) for ¢ > 1 by defining
them on the generators by

(a) dglvo,01, - . . 0] = 2 (=1){vgor, . . . Bi . .. ,Dg)
O<i<q

where [vg,01, . . . ,0i, . . . ,0g] denotes the oriented (¢ — 1)-simplex obtained
by omitting v;. If 619 4+ 029 = 0 in Cy(K), then it is easily verified that
04(019) 4 94(029) = 0 in Cy_1(K). Therefore 0, extends to a homomorphism
from Cy(K) to C,_1(K). For ¢ < 0 we define 9, to be the trivial homomorphism
from Cy(K) to Cy_1(K). It is not difficult to show that 0,0,,1 = 0 for all g.
Therefore there is a free nonnegative chain complex C(K) = {Cy(K),9,},
which is called the oriented chain complex of K. Its homology group, denoted
by H(K), is a graded group {Hy(K) = H(C(K))}, called the oriented homology
group of K. Hy(K) is called the qth oriented homology group of K.

If K is realized in some euclidean space, the oriented g-simplexes of K
are g-simplexes of K together with orientations, in the sense of linear algebra,
of the affine varieties spanned by them. The boundary of an oriented g-simplex
is the sum of its oriented (g — 1)-faces, with each face oriented by the orien-
tation compatible with that of the g-simplex, as shown in the diagrams.

V2

G

Vo (%1

9[vo,01,02] 0[vo,01,02,03]

An oriented g-cycle z of K is a “closed” collection of oriented g-simplexes,
with each (g — I)-simplex lying in the boundary of z the same number of
times with each orientation. Hy(K) is the group of equivalence classes of these
g-cycles, two cycles being equivalent if their difference is a boundary. Thus
H,(K) corresponds intuitively to the group generated by the g-dimensional
“holes” in |K|.

It is convenient to add more generators and more relations to the chain
groups Cy(K). If vy, vy, . . ., vg are vertices (not necessarily distinct) of
some simplex of K, we define [vg,v1, . . . ,04] € Cy(K) to be 0 if the vertices
are not distinct and to be the oriented g-simplex as defined above if they are
distinct. Then equation (a) remains correct for these added generators (that is,
if the vertices vo,01, . . . ,0q are not all distinct, the left-hand side of equa-
tion (a) is 0 and the right-hand side can also be verified to be 0).
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If ¢: Ky — K is a simplicial map, there is an associated chain map
Clp): C(K;) — C(K,) defined by

(b) Cle)[vo,v1, - - - ,ogl) = [@(vo), (v1), . . . ,@(vg)]

Note that if vg, v1, . . . , vg are distinct vertices of some simplex of Ky, then
®(vo), @(v1), . . ., P(v,y) are vertices of some simplex of K, but are not
necessarily distinct. Therefore the right-hand side of equation (b) above would
not be defined unless we had defined [vo,v1, . . . ,0,] as an element of C,,
whether or not the terms v; are distinct. It is easy to verify that C(g) is
a chain map.

2 tHEOREM There is a covariant functor C from the category of simplicial
complexes to the category of chain complexes which assigns to K its oriented
chain complex C(K). =

The composite of the functor C and the homology functor is a covariant
functor, called the oriented homology functor, from the category of simplicial
complexes to the category of graded groups. To a simplicial complex K
it assigns the graded group H(K) = {H,(K) = H,(C(K))}, and to a simplicial
map ¢: K; — K3 it assigns the homomorphism ¢, : H(K;) — H(K3) of degree
0 induced by C(g): C(K;) — C(K3). If L is a subcomplex of K, and i: L. C K,
then C(i): C(L) — C(K) is a monomorphism by means of which we identify
C(L) with a subcomplex of C(K).

We next describe the singular chain functor from the category of
topological spaces to the category of chain complexes. Let po, p1, p2, - . . be
an infinite sequence of different elements fixed once and for all. For g > 0
let A? be the space of the simplicial complex consisting of all nonempty sub-
sets of {po,p1, . . . ,pq} (therefore A7 is the closed simplex |[po,p1, - . . ,pgl)-
Forg > 0and 0 <i <q + 1let

€é+1: A7 — Adfl
be the linear map defined by the vertex map
i P J<i
€ =
#1a(py) {pj+1 jzi

Then e}, 1(A9) is the closed simplex |po,p1,....Pi> .. . Pg+1| In ATTL oppo-
site the vertex p;, and direct computation shows that

3 IfO<j<i<q+ 1, thenejsef1 = el i’}

Let X be a topological space. For g > 0 a singular g-simplex o of X is
defined to be a continuous map

o: A 5 X

For g > 0 and 0 < i < g the ith face of o, denoted by o, is defined to be
the singular (¢ — 1)-simplex of X which is the composite

o) =g AT AT X
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It follows from statement 3 that

4 Ifg>1and0 <j<i<gq, then (60) = (¢?)i-D, n

The singular chain complex of X, denoted by A(X), is defined to be the
free nonnegative chain complex A(X) = {A4(X),9,}, where Ay X) is the free
abelian group generated by the singular g-simplexes of X for ¢ > 0 [and
Ag(X) = 0 for g < 0], and for g > 1, 9, is defined by the equation

o) = T (~1)yow

0<i<q
This is a chain complex because 9,04,1 = 0 is an immediate consequence
of statement 4. If X is empty, AyX) = 0 for all q.
If f: X — Y is continuous, there is a chain map

A(f): AX) — A(Y)

defined by A(f)(0) = f° o for a singular g-simplex o: A9 — X. Then A(f) is
a chain map, and we have the following result.

5 tHEOREM There is a covariant functor A from the category of topologi-
cal spaces to the category of chain complexes which assigns to X its singular
chain complex A(X). =

The composite of the functor A and the homology functor is a covariant
functor, called the singular homology functor, from the category of topologi-
cal spaces to the category of graded groups. To a space X it assigns the
graded group H(X) = {Hy(X) = Hy(A(X))} and to a map f: X — Y it assigns
the homomorphism

fe: HX) — H(Y)

of degree 0 induced by A(f): A(X) — A(Y). Hy(X) is called the gth singular
homology group of X. If A is a subspace of X and i: A C X, then the map
A(i): A(A) — A(X) is a monomorphism by means of which we identify A(A)
with a subcomplex of A(X).

The category of chain complexes has arbitrary sums and products of
indexed collections. That is, if {Ci};.; is an indexed collection of chain com-
plexes, there is a sum chain complex @ C’ and a product chain complex X C
in which (@ C/); = @ €, and (X C)); = X (), for every q. 1t foillows that
Z{@ C) = @ Z,(C) and B(@O) = @ B,(C) and Zy(X O) = X Z,(C)
and By(X Ci) = X By(CY) for all q. Therefore H(®P C) = @ H(Ci) and
H(X C) = X H(CI).

6 rtHEOREM On the category of chain complexes the homology functor
commutes with sums and with products. =

The category of chain complexes also has direct and inverse limits (whose
gth chain groups are appropriate limits of the gth chain groups of the factors).
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7 THEOREM The homology functor commutes with direct limits.

PROOF Let {Co,1,#} be a direct system of chain complexes and let {C,i,} be
the direct limit of this system (that is, i,: C* — C, and if a < §8, then
iq = ig ° T,#: C* — CB — C). Then {H(C®),7,4} is a direct system of graded
groups, and we show that {H(C),i,,} is the direct limit of this system.

We show that 1.3a of the Introduction is satisfied. Let {z} € H,(C). Then
z = i,c® for some c¢= € (C%),. Since

0 = 042 = Oginc® = 1,04

there is 8 with @ < B such that 7,89,%« = 0. Then 7,fce is a cycle of (C#),
and i47,fc* = i,c* = z. Therefore ig, {1,8c*} = {z}.

We show that 1.3b of the Introduction is also satisfied. Because we are
dealing with the direct limit of groups, it suffices to show that if {2} € H,(C%)
is in the kernel of i,,, then there is y with a < y such that {22} is in the
kernel of 7%,. If i,,{2*} = 0, then i,z* = 3,,;c for some ¢ € Cq+1. Because
¢ = igck for some B, we have i,z = i406,1c8. Choose ¥’ so that a, B < v'.
Then i,(1,Y'2* — 7570f,1¢f) = 0. Therefore there is y with y* <y such
that 7,7(1,7'2¢ — 7470, 1¢f) = 0. Then 7,72% = 97, 1(757ck), s0 T, {z*} = 0. =

It is false that the homology functor commutes with inverse limits. We
present an example to show this.

8 ExampLE For any integer n > 1 let C, be the chain complex with
(Cn)g = 0if g 5~ 0 or 1 and (C,); &5 (C,)o equal to Z — Z, where the homo-
morphism is multiplication by 2. For each n let 7: C,,; — C, be the chain
map which is multiplication by 3 on each chain group, and for n < m define
2™ Cp — Cy to be the composite 7, = 7777+l ... 7m=1 Then {C,,7,m} is
an inverse system whose inverse limit is the trivial chain complex. Therefore
Hy(lim. {Cy,7,™}) = 0 for all gq. However, Ho(C,) = Z2 for all n and
Tt Ho(Cp) == Ho(Cy) for all n < m. Therefore lim.. {H(C,), 773} = Zs.

2 CHAIN HOMOTOPY

This section deals with homotopy in the category of chain complexes. For
free chain complexes we prove that contractibility is equivalent to triviality
of all the homology groups. This leads to discussion of a method for construct-
ing chain maps and homotopies by a general procedure known as the method
of acyclic models. The section closes with a definition of mapping cone of a
chain map and its relation to the chain map.

Let 7, 7: C — C’ be chain maps. A chain homotopy D from 7 to 7, de-
noted by D: 7 ~ 7, is a homomorphism D = {D,} from C to C’ of degree 1
such that for all ¢

0g+1Dq + Dg_10q = 74 — 70 Cy — C,
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If there is a chain homotopy from 7 to 7/, we say that 7 is chain homotopic to
7" and write 7 o~ 7'. It is trivial that chain homotopy is an equivalence rela-
tion in the set of chain maps from Cto C'. The corresponding set of equivalence
classes is denoted by [C;C'], and if 71 C — C' is a chain map, its equivalence
class is denoted by [7].

1 LeEmMa The composites of chain-homotopic chain maps are chain
homotopic.
PROOF Assume D: 7 ~ 7/, where 7, 7: C — C’, and D: 7 ~ 7, where
# 7. C — C". Then

iD 4+ Dr':C— C — C”
is of degree 1 and is a chain homotopy from 77 to #7". =

It follows that there is a category whose objects are chain complexes and
whose morphisms are chain homotopy classes. A chain map 7. C — (' is
called a chain equivalence if [1] is an equivalence in the homotopy category
of chain complexes. If there is a chain equivalence from C to C’, we say that
C and C’ are chain equivalent.

2 teEOREM If 1, 7' C — C are chain homotopic, then
Ty = Th: H(C) — H(C")
PROOF Assume D: 1 ~ 7. For any z € Z,(C)
93+1D4(2) = 74(z) — T4(2)
showing that 74(z) ~ 74(z) and 74 {z} = 74 {z}. =
A chain contraction of a chain complex C is a homotopy from the iden-
tity chain map 1¢ to the zero chain map O¢ of C to itself. If there is a chain

contraction of C, C is said to be chain contractible. C is said to be acyclic if
H(C) = 0 (that is, H,(C) = 0 for all g).

3 coroLLARY A contractible chain complex is acyclic.

PROOF Assume that C is a chain complex such that 1¢ ~ O¢. By theorem 2,
<1C>* = (00)* HOWEVCI‘, (10>* = 1H(C) and (Oc)* = OH(C)- Therefore
1y = Omey, which can happen only if HC) = 0. =

The converse of corollary 3 is false.

4 ExamMpLE Let C be the chain complex with C, = 0 for ¢ =0, 1, 2 and
with Cz 2 C; &5 Cp equal to Z 25 Z &5 Z,, where a(n) = 2n, (2m) = 0, and
B(2m + 1) = 1. Then C is acyclic but not contractible. In fact, if D: 1¢ ~ 0¢
were a chain contraction of C, then the homomorphism 8 would have a right
inverse Do: Zy — Z, but any homomorphism Z; — Z is trivial.

If C is assumed to be a free chain complex, there is a converse of
corollary 3.
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3 THEOREM A free chain complex is acyclic if and only if it is contractible.

proorF We show that if C is an acyclic free chain complex, it is contractible.
For each q the map 9, is an epimorphism of C; to B, 1(C) = Z,_4(C).
Because C,_; is free, so is Z,_1(C), and there is a homomorphism

Sg-1° Zq~1(C) — Cq

which is a right inverse of 9, Then lg, — s4_19, maps C; to Z,(C), and we
define {D,} by

Dy = sq(lg, — $q-194): Cg — Coia
Then

0g+1Dq + D10 = g, — $q-10q + $q-1(lg_, — 8¢-204-1)0¢ = lg,

1

which shows that {D,} is a chain contraction of C. =

The method of proof of theorem 5 is a standard one used to construct
chain maps and homotopies from a free chain complex to an acyclic chain
complex. We now extend it to obtain a general method of constructing chain
maps and chain homotopies, called the method of acyclic models. Repeated
application of this method will be made in subsequent discussions. We con-
sider a special version of the method of acyclic models which suffices for our
applications.!

A category with models consists of a category € and a set 9 of objects
of ¢ called models. Given a covariant functor G from a category € with
models O to the category of abelian groups, a basis for G is an indexed col-
lection {g; € G(M;)};.s, where M; € O such that for any object X of C the
indexed collection

{G(f )g)}iet.renom oty

is a basis for G(X). If G has a basis, it is called a free functor on C with models 9.
In this case, if h € hom (X,Y ), then G(h) maps each basis element of G(X)
to some basis element of G(Y ). Hence G is the composite of the covariant
functor which assigns to X the set {G(f)(g;) |7 € I, f € hom (M;,X)} with the
covariant functor of example 1.2.2, which assigns to every set the free abelian
group generated by it.

Let G be a covariant functor from a category € with models 91 to the
category of chain complexes. G is said to be free if G, is a free functor to the
category of abelian groups.

6 ExampLE Let K be a simplicial complex and let ¢(K) be the category
defined by the partially ordered set of subcomplexes of K (as in example 1.1.11).
Let OUK) = {§|s € K} be models for K). We show that the covariant
functor C which assigns to each subcomplex of K its oriented chain complex
is a free nonnegative functor on &K) with models 9 K) to the category of

1 A general treatment can be found in S. Eilenberg and S. Mac Lane, Acyclic models, Ameri-
can Journal of Mathematics, vol. 79, pp. 189-199 (1953).
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chain complexes. For each model § of dimension g choose once and for all an
oriented g-simplex o(s) which generates C,(5). Then the indexed collection
{o(s) [ dim s = g}s.k is a basis for C;. Hence C, is free with models MK).

7 ExaMPLE Let ¢ be the category of topological spaces with models
M = {A7}q > 0} and let A be the singular chain functor. Then A is free and
nonnegative on ¢ with models 9. In fact, if &, A2 C Ag, then the singleton
{&4 € AG(AY)] is a basis for A,

Let G be a covariant functor on a category ¢ to the category of chain
complexes. Then there are covariant functors Hy(G), for all g, from € to the
category of abelian groups that assign to an object X the group H,(G(X)). If
¢'is a category with models 9, a functor G from € to the category of chain
complexes is said to be acyclic in positive dimensions if Hy(G(M)) = 0
for ¢ >0 and M € 9. We now establish the main result dealing with
the construction of chain maps and homotopies.

8 rtHEOREM Let ¢ be a category with models M and let G and G’ be co-
variant functors from C to the category of chain complexes such that G is free
and nonnegative and G’ is acyclic in positive dimensions. Then

(@) Any natural transformation Ho(G) — Ho(G') is induced by a natural
chain map 1: G — G

(b) Two natural chain maps 7, ': G — G’ inducing the same natural
transformation Ho(G) — Ho(G') are naturally chain homotopic.

PROOF  For every object X of € we must define a chain map 7(X): G(X) —
G'(X) [or a chain homotopy D(X): 7(X) ~ 7/(X)] such that if h: X — Yisa
morphism in €, then

(Y)G(h) = G'(h)1(X) [or D(Y)G(h) = G'(h)D(X)]
For g > 0 let {g; € Gy(M;)};cs, be a basis for G,, where M; € O for
each j € J,. Then G,(X) has the basis
{Ga( )&} iesarchom oty

It follows that 74(X) [or Dy(X)] is determined by the collection {rod(M))(g)}ic o
and the equation

(@) T X)(ZniiGol fi)g)) = ZniGil fis)mo(M;)g)

or by the collection {D (M; ')gj}jEJq and the equation

(b) X)(ZnyGyl fii)lg)) = = 2n4iGaa( fig) Do(M;)(g)
We shall define 7,(X) by induction on q so that

(c) 07¢(X) = 141(X)2

and define Dy(X) by induction on q so that

(d) ID(X) = 74(X) — 1(X) ~ Dg_1(X)0



166 HOMOLOGY CHAP, 4

Having defined 7; [or D;] for i < g, where q > 0, it suffices to define
To(Mj)(g;) for j € ], so that

() 01y(M;)(&) = Ta-1(M;)(9g))
and to define D,(M;)(g;) for j € J, so that
() 0Dg(M;)(gj) = To(M;)(g5) — Te(M;)(g;) — D-1(M;)(9g)

since 7,(X) [and Dy(X)] are then determined by equation (a) [or by (b)]. It will
then be true that 7,(X) [and D,(X)] are natural and will satisfy equation (c)
[and (d)].

Given a natural transformation @: Hy(G) — Ho(G'), the inductive definition
of 7 proceeds as follows. For ¢ = 0 we define 7o(M;)(g;) forj € J, to be any ele-
ment of Go(M;) such that {7o(M;)(g;)} = ¢(M;){g;}. We use equation (a) to
define 7¢(X) for all X. Then, for g€ Go(X), {ro(X)(g)} = ¢(X){g}. In
particular, for j € Jq, 7o(M;)(0g)) is a boundary in G§(M;). Hence we can define
T1(M;)(g;) € G1(M;) so that o71(M;)(g;) = To(M;)(0g;). We then use equation (a)
to define 7(X) for all X. Assuming 7; defined for i < g, where g > 1, so that
equation (c) is satisfied, we observe that the right-hand side of equation (e) is
a cycle of Gg_1(M;). Because g > 1, H,_1(G'(M;)) = 0, and we define 7,(M;)(g;)
to satisfy equation (e). We next define 74(X) for all X to satisfy equation (a).
This completes the definition of 7.

Given 1, 71 G — G’ such that 7 and 7 induce the same natural transfor-
mation Ho(G) — Ho(G’), we define Do(M;)(g;) for j € Jo to be any element of
Gi1(M,) whose boundary equals 79(M;)(g;) — 76(M;)(g;). Then Dy(X) is defined
for all X by equation (b). Assuming D; defined for i < g, where g > 0, so that
equation (d) is satisfied, we observe that the right-hand side of equation (f)
is a cycle of G{(M;). Because g >0, Hy(G'(M;)) = 0, and this cycle is a
boundary. We define Dy(M;)(gj) € G4+1(M;) to satisfy equation ( f), use equa-
tion (b) to define Dy(X) for all X, and complete the definition of D. =

The last result provides another proof of theorem 5 for nonnegative com-
plexes. In fact, if C is a free nonnegative chain complex, let € be the category
consisting of one object X and one morphism 1y and let C be regarded as a
covariant functor on C with model {X}. Then C is a free nonnegative functor,
and if C is an acyclic chain complex, the functor C is acyclic in positive
dimensions. In this case, because 1¢ and O¢ are chain transformations of C
inducing the same homomorphism of Ho(C) = 0, it follows from theorem 8
that 1o ~ O¢, and C is contractible.

There is a useful algebraic object (related to the mapping cylinder of
Sec. 1.4) which we now describe. Let 7: C — C’ be a chain map. The mapping
cone of 7 is the chain complex C = {C,,3,} defined by C, = C,_1 @ C; and

Og(c,0") = (—0g-1(c), 7(c) + Tylc) ¢ € Cgu1, " € Cf
The following result is trivial to verify.

9 1emma Cis a chain complex, and if C and C' are free chain complexes,
soisC. =
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The next theorem is the main reason for introducing mapping cones.

10 THEOREM A chain map is a chain equivalence if and only if its map-
ping cone is chain contractible.

PROOF Assume that r: C — C’ is a chain equivalence. There exist 7': C' — C
and D: C - C gnd D: C' — C such that D: 71 ~ 1¢ and D": 17/ ~ 1¢.
Define D: C — C by D(c,c’) = (c1,¢2), where

¢1 = D(c) + 7D'r(c) — 7'D(c) + 7'(c")
co = D'tD(c) — D'D’'t(c) — D'(¢)

A straightforward computation shows that D is a chain contraction of C.
Conversely, assume that D is a chain contraction of C. Define 7: C' — C
and D: C— Cand D": C' — C' by the equations

(7(c), =D'(¢)) = D(0,c")
(D(¢), *) = D(e,0)

Direct verification shows 7’ to be a chain map and D: 77 >~ 1¢ and D": 77" ~
1¢, so 7 is a chain equivalence. =

Combining this with theorem 5 and lemma 9 yields the following result.

L1l coroLLARY A chain map between free chain complexes is a chain
equivalence if and only if its mapping cone is acyclic. =

3 THE HOMOLOGY OF SIMPLICIAL COMPLEXES

This section begins with a discussion of augmented chain complexes and
their reduced homology groups. Next we define the ordered chain complex of
a simplicial complex and prove that it is chain equivalent to the oriented
chain complex. We use this result to show that simplicial maps in the same
contiguity class induce chain-homotopic chain maps. We also compute Hy(K)
in terms of the components of K. At the end of the section the relative
homology groups and the Euler characteristic of a simplicial pair are defined.

In the category of nonempty simplicial complexes any simplicial complex
P consisting of a single vertex is a terminal object. If K is a nonempty sim-
plicial complex, the simplicial map K ~ P has a right inverse. Therefore the
induced homology map H(K) — H(P) has a right inverse. Because H,(P) = 0
if ¢ # 0 and Ho(P) = Z, it follows that there is an epimorphism Ho(K) — Z.
Since Ho(K) = Co(K)/01C1(K), there is an epimorphism &: Co(K) — Z such
that €91 = 0. Similarly, in the category of nonempty topological spaces X any
one-point space is a terminal object. The same kind of considerations yield an
epimorphism &: Ag(X) — Z such that £9; = 0. This motivates the following
definition of augmentation.

An augmentation (over Z) of a chain complex C is an epimorphism
&: Cp — Z such that e91: C; —» Cy — Z is trivial. An augmented chain complex
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is a nonnegative chain complex C with augmentation. An augmentation ¢ of
a chain complex can be regarded as an epimorphic chain map of C to the
chain complex (also denoted by Z) whose only nontrivial chain group is Z in
degree 0. For this chain complex Z, it is clear that H(Z) = 0 for g # 0 and
that Ho(Z) = Z. Therefore ¢ induces an epimorphism &, : Ho(C) — Z. Hence
an augmented chain complex has a nontrivial homology group in degree 0.

The oriented chain complex C(K) of a nonempty simplicial complex K is
augmented by the homomorphism e: Co(K) — Z defined by ¢([v]) = 1 for
every vertex v of K. The singular chain complex A(X) of a nonempty space X
is augmented by the homomorphism &: Ag(X) — Z defined by ¢(o) = 1 for
every singular O-simplex of X.

A chain map 7: C — C’ between augmented chain complexes preserves
augmentation if ¢ ° 17 — & Co — Z. Note that 7 preserves augmentation if
and only if 7, does—that is, if and only if &, ° 7, = &,: Ho(C) — Z. There is
a category of augmented chain complexes and chain maps preserving
augmentation. A chain homotopy in this category is any chain homotopy
between chain maps in the category.

We want to divide out the functorial nontrivial part of Hy(C)
of an augmented chain complex C. The reduced chain complex C of
an augmented chain complex C is defined to be the chain complex defined
by C, = C, if ¢ %0, Co = ker ¢, and 3, = 9, [note that 3,(C;) C Cp
because 9; = 0]. Thus Cis the kernel of the chain map e: C — Z.If 1: C — C’
is a chain map preserving augmentation, 7 induces a chain map C- ¢
between their reduced chain complexes. The homology group H(C) is called
the reduced homology group of C and is denoted by H(C). For a nonempty
simplicial complex K we define H(K) = H(C(K)), and for a nonempty topo-
logical space X we define H(X) = H(A(X)). Because the chain complex of an
empty simplicial complex or an empty topological space has no augmentation,
the reduced groups are not defined in this case. For that reason some of the
arguments, which otherwise involve the reduced groups, require a special
remark in the case of empty complexes or spaces.

Clearly, there is an inclusion chain map C C C.

1  wemMma If Cis an augmented chain complex, then

Hq(c) q++0
Hi(C) = [H(,(Q ®Z =0

PROOF Because Z is a free group, Co = C’Q ® Z. Then Z,(C) = Z,(C) if
q £ 0, Zo(C) = Zo(C) ® Z, and By(C) = By(C) forall g. =

It is clear that if 7: C — C’ is an augmentation-preserving chain map, the
isomorphism of lemma 1 commutes with 7. It is also obvious that if Cis a
free augmented chain complex, C is a free chain complex.

It follows from lemma 1 that if C is an augmented chain complex,
Hy(C) == 0. Hence an augmented chain complex is never acyclic. The most
that can be hoped for is that C will be acyclic.
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2 1emma If Cis an augmented chain complex, C is chain contractible if
and only if the augmentation ¢ is a chain equivalence of C with the chain
complex Z.

proOF Let C be the mapping cone of the chain map & C— Z. Then
Co=7Zand C, =C,; if ¢ >0, and J; = ¢ and 3, = —0d,_1 for g > 1.
By theorem 4.2.10, ¢ is a chain equivalence if and only if C is chain
contractible.

We show that C is chain contractible if and only if C is chain contractible.
If D: C— C is a chain contraction of C, define D: C — C by D, ; =
—D,| €, 1. Then D is a chain contraction of C. Conversely, if D is a chain
contraction of C, define D: C — C so that Dy: Z — C, is a right inverse of
e: Co— Z, Dy: Cy — Cy is 0 on Do(Z) and equal to —Dgo on Cy, and for
q >1,D,: C;_1 — Cyisequal to —D,_;. Then Dis a chain contraction of C. =

Let ¢ be a category with models 9. A functor G’ from € to the category
of augmented chain complexes (and chain maps preserving augmentation) is
said to be acyclic if G'(M) is acyclic for M € 9. For augmented chain com-
plexes there is the following form of the acyclic-model theorem.

3 THEOREM Let C be a category with models I and let G and G’ be
covariant functors from ¢ to the category of augmented chain complexes
such that G is free and G’ is acyclic. There exist natural chain maps preserving
augmentation from G to G', and any two are naturally chain homotopic.

PROOF Let {g; € Go(M;)};.4, be a basis for Go. By lemma 1, ¢": Hy(G'(M;)) = Z,
and there is a unique z; € Ho(G'(M;)) such that ¢'(z;) = &(g;). A natural trans-
formation Ho(G) — Ho(G’) is defined by sending {2Zn;;Go( fi;)(g)} € Ho(G(X))
to 2nyGo( fiy)z; € Ho(G'(X)) for j € Jo and fi; € hom (M;,X) (where X is any
object of ©), and this is the unique natural transformation Ho(G) — Ho(G')
commuting with augmentation. The theorem now follows from theorem
428 =

With the hypotheses of theorem 3 there is a unique natural transforma-
tion from H(G) to H(G’) commuting with augmentation. It is the homomor-
phism induced by any natural chain map preserving augmentation from G to G'.

4 coroLLaRY Let G and G’ be free and acyclic covariant functors from
a category C with models I to the category of augmented chain complexes.
Then G and G’ are naturally chain equivalent; in fact, any natural chain
map preserving augmentation from G to G’ is a natural chain equivalence.

PROOF Let 71 G — G’ be a natural chain map preserving augmentation
(which exists, by theorem 3). Also by theorem 3, there is a natural chain map
71 G' — G preserving augmentation and there are natural chain homotopies
D:ter~lgand D:7°7 ~1g5. =

We are ultimately interested in comparing the chain complex C(K) of a
simplicial complex K with the singular chain complex A(|K|) of the space of K.
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For this purpose we introduce a chain complex A(K) intermediate between
them. Let K be a simplicial complex. An ordered g-simplex of K is a sequence

vg, U1, . . . , Vg Of g + 1 vertices of K which belong to some simplex of K.
We use (vg,01, - . . ,0,) to denote the ordered g-simplex consisting of the
sequence vg, U1, . . . , Uq Of vertices. For ¢ < 0 there are no ordered g-sim-

plexes. An ordered O-simplex (v) is the same as the oriented 0-simplex [v].
An ordered 1-simplex (v,0’) is the same as an edge of K.

We define a free nonnegative chain complex, called the ordered chain
complex of K, by A(K) = {Ay(K),0,}, where Ay (K) is the free abelian group
generated by the ordered g-simplexes of K [and Ay (K) = 0 if g < 0] and 3,
is defined by the equation

0g(vo,v1, + « . 0 = 2 (=Di(vg, .« . . D . . . L)
O<i<q
Then A(K) is a chain complex, and if K is nonempty, A(K) is augmented by
the augmentation &(v) = 1 for any vertex v of K. If ¢: Ky — K is a simplicial
map, there is an augmentation-preserving chain map

Alg): A(Ky) — A(Kz)

such that Alg)(vo,v1, . . . ,0g) = (@(ve), P(v1), . . . ,@(vy)). Therefore we have
the following theorem.

5 THEOREM There is a covariant functor A from the category of nonempty
simplicial complexes to the category of free augmented chain complexes
which assigns to K the ordered chain complex A(K). =

If L is a subcomplex of K and i: L C K, then A(i): A(L) — A(K) is
a monomorphism by means of which we identify A(L) with a subcomplex of
A(K). If ¢(K) is the category defined by the partially ordered set of subcom-
plexes of K and 9UYK) = {§|s € K}, then A is a free functor on JK) with
models NY(K).

For any simplicial complex K there is a surjective chain map (preserving
augmentation if K is nonempty)

p: A(K) — C(K)

such that p(vo,01, . . . ,0y) = [vo,v1 . . . ,04). Then p is a natural transfor-
mation from A to C on the category of simplicial complexes. We shall show
that it is a chain equivalence for every simplicial complex. The following
theorem will be used to show that A and C are acyclic functors on ¢(K) with
models IYK).

6 TuEOREM Let K be a simplicial complex and let w be the simplicial
complex consisting of a single vertex. Then A(K * w) and C(K * w) are chain
contractible.

PROOF Since the proofs are analogous, we give the details only in the ordered
complex. According to lemma 2, it suffices to prove that e: A(K #* w) — Zis a
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chain equivalence. Define a homomorphism 71 Z — Ayo(K * w) by 7(1) = (w)
and regard it as a chain map 7: Z — A(K * w). Then € ° 1 = 1,. To show that
laksw) = 7 ° ¢, define a chain homotopy D: 1.k« =~ 7 ° ¢ by the equation

D(vo,01, . . . ,0g) = (W,00,01, . . . ,0g) ™

Because a g-simplex is the join of a (¢ — 1)-face with the opposite vertex,
we have the next result.

7 coroLLARY For any simplex s € K, A(3) and C(3) are acyclic. =

8 THEOREM For any simplicial complex K the natural chain map
w: AK) — C(K) is a chain equivalence.

proor If Kis empty, A(K) = C(K) and p is the identity, so the result is true in
this case. If K is nonempty, it follows from corollary 7 that A and C are free
acyclic functors on €(K) with models 9YK) = {5 |s € K}. By corollary 4, p is
a natural chain equivalence of A with C on €(K). In particular, u: A(K) — C(K)
is a chain equivalence. =

The next result is that the functors A and C convert contiguity of sim-
plicial maps into chain homotopy of chain maps. This result could also be
proved by the method of acyclic models.

9 rtHEOREM Let @, ¢: Ky — K, be in the same contiguity class. Then
Alp), Alg): A(Ky) — A(Kg) are chain homotopic, and in similar fashion
Clp), C(¢"): C(K1) — C(Kz) are chain homotopic.

PROOF Because chain homotopy is an equivalence relation, it suffices to prove
the theorem for the case that ¢ and ¢’ are contiguous. An explicit chain
homotopy D: Alp) ~ A(¢’) is defined by the formula

D(vo,01, - - - ,0g) = 2 (=1){@(vo), - - - @(v:) @(vi)s - - @(0g))

<i<q
That C(p) and C(¢’) are chain homotopic follows from the fact that A(p) and

A(¢') are chain homotopic and from theorem §. =

10 tHEOREM The homology groups of a complex are the direct sums of the
homology groups of its components.

prooF If {K;} are the components of K, then (PC(K;) = C(K). The result
follows from theorem 4.1.6. =

If {K,} is the collection of finite subcomplexes of K directed by inclu-
sion, then C(K) == lim_, {C(K,)}. From theorem 4.1.7 we have the next result.

11 THEOREM The homology groups of a simplicial complex are isomorphic
to the direct limit of the homology groups of its finite subcomplexes. ®

We are now ready to compute Ho(K).

12 temma  If K is a nonempty connected simplicial complex, then Ho(K) = 0.
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PROOF Let vg be a fixed vertex of K. For any vertex v of K there is an edge
path eiez - - - e, of K with origin at vo and end at v. Thene; + e2 + --- + e,
is a 1-chain ¢, € A;(K) such that dc, = v — vo. Since &(2n,v) = Zn,, we see
that if Zn,v is any O-chain of EO(K), then =Zn, = 0 and

0(Znycy) = 2nyb — 2Ny = 2N
Therefore Ho(A(K)) = 0, and by theorem 8, Hy(K) = 0. =

13 cororLLarYy For any simplicial complex K, Ho(K) is a free group whose
rank equals the number of nonempty components of K.

prooF If K is empty, Ho(K) = 0, and the result is valid in this case. If K is
nonempty and connected, it follows from lemmas 12 and 1 that Hy(K) = Z.
The general result then follows from theorem 10. =

If L is a subcomplex of K, there is a relative oriented homology group
H(K,L) = {H{K,L) = Hy(C(K)/C(L))} of K modulo L. If L is empty,
H(K, ) = H(K) is called the absolute oriented homology group of K. Sim-
ilarly, there is a relative ordered homology group H(A(K)/A(L)) of K modulo
L that generalizes the absolute ordered homology group H(A(K),A(D)). The
relative homology groups H(K,L) and H(A(K),A(L)) are covariant functors
from the category of simplicial pairs to the category of graded groups.

If H(K,L) is finitely generated (which will necessarily be true if K — L
contains only finitely many simplexes), it follows from the structure theorem
(theorem 4.14 in the Introduction) that H,(K,L) is the direct sum of a free
group and a finite number of finite cyclic groups Z,, @ Z,, ® --- @ Z,,,
where n; divides n;1 fori = 1, . . . , kK — 1. The rank p(Hy(K,L)) is called
the gth Betti number of (K,L), and the numbers ny, ng, . . . , ny are called
the qth torsion coefficients of (K,L). The gth Betti number and the gth
torsion coeflicients characterize H,(K,L) up to isomorphism.

A graded group C is said to be finitely generated if C, is finitely gener-
ated for all g and C,; = 0 except for a finite set of integers g. It is obvious that
if Cis a finitely generated chain complex, H(C) is a finitely generated graded
group. Given a finitely generated graded group C, its Euler characteristic
(also called the Euler-Poincaré characteristic), denoted by x(C), is defined by

X(C) = Z(=1)p(Cy)
14 tHEOREM Let C be a finitely generated chain complex. Then
x(C) = x(H(C))

PROOF By definition, Z,(C) C C, and the quotient group Co/Z,(C) = B,_1(C).
By theorem 4.12 in the Introduction,

p(Cq) = p(Zy(C)) + p(By4-1(C))
Similarly, Hy(C) = Z4(C)/B,(C), and again by theorem 4.12 of the Introduction,
p(Zo(C)) = p(Hy(C)) + p(B4(C))
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Eliminating p(Z4(C)), we have

p(Cq) = p(Hy(C)) + p(B4(C)) + p(By-1(C))

Multiplying this equation by (—1)? and summing the resulting equations over
g yields the result. =

If H(K,L) is finitely generated, its Euler characteristic, called the Euler
characteristic of (K,L), is denoted by x(K,L).

15 coroLLary IfK — Lis finite and if aq equals the number of g-simplexes
of K — L, then

X(K.L) = 2(— 1)

prROOF If K — L is finite, Cy(K)/Cy(L) is a free group of rank a, The result
follows from theorem 14. =

4 SINGULAR HOMOLOGY

In this section we define a natural transformation from the ordered chain
complex to the singular chain complex of its space. This will be shown
in Sec. 4.6 to be a chain equivalence for every simplicial complex K. We also
give a proof, based on acyclic models, that homotopic continuous maps in-
duce chain-homotopic chain maps on the singular chain complexes. There is
then a computation of Hy(X) in terms of the path components of X. The final
result is that the subcomplex of the singular chain complex generated by
“small” singular simplexes is chain equivalent to the whole singular chain
complex.!

Let K be a simplicial complex. Given an ordered g-simplex (vo,v1, . . . ,0g)
of K, there is a singular g-simplex in |K| which is the linear map A7 — |K]
sending p; to v; for 0 < i < g. This imbeds A(K) in A(|K]), and we define an
augmentation-preserving chain map

v: A(K) — A(K])

to send (vo,v1, . . . ,0,) to the linear singular simplex defined above. Then »
is a natural chain map from the covariant functor A(-) to the covariant
functor A(| + |) on the category of simplicial complexes. It will be shown in
Sec. 4.6 that » is a natural chain equivalence. We prove now that it is a chain
equivalence for the complex § of an arbitrary simplex s.

1 1emma Let X be a star-shaped subset of some euclidean space. Then

the reduced singular complex of X is chain contractible.

! Our treatment is similar to that in S. Eilenberg, Singular homology theory, Annals of Mathe-
matics, vol. 45, pp. 407-447 (1944).
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PprROOF  Without loss of generality, X may be assumed to be star-shaped from
the origin. We define a homomorphism 7: Z — Ag(X) with 7(1) equal to the
singular simplex A® — X which is the constant map to 0. Thene ° 7 = 1. We
define a chain homotopy D: A(X) — A(X) from 1, to 7o e If 0: A — Xisa
singular g-simplex in X, let D(0): A9*1 — X be the singular (g + 1)-simplex in
X defined by the equation
D(o)(tpo + (1 — t)a) = (1 — t)o(a)

for @ € |p1, . . . pg+1| and t € L If g > 0, then (D(0))® = o, and for
0 <i<gq, (D) = D(e®). If ¢ = 0, then (D(0))©® = o and (D(o))® = 7(1).
Therefore

aD+Da:1A(X)——T°8
and D: 1, ~ 7 ° & By lemma 4.3.2, A(X) is chain contractible, =

2 coroLLARY For any simplex s the chain map v induces an isomorphism
of the ordered homology group of § with the singular homology group of |3|.

PROOF Because » preserves augmentation, v induces a homomorphism 7
from H(A(3)) to H(|5]), and under the isomorphism of lemma 4.3.1, », =
7y @ 1,. By corollary 4.3.7, H(A(5)) = 0. By lemma 1 and corollary 4.2.3,
H(|5|) = 0. Therefore v, is an isomorphism. =

We use lemma 1 to prove that if fo, fi: X — Y are homotopic, then
A( fo), A(f1): A(X) — A(Y ) are chain homotopic. We prove this first for the
maps hg, hy: X — X X I, where ho(x) = (x,0) and h¢(x) = (x,1).

3  tHEOREM Themaps ho, hi: X — X X linduce naturally chain-homotopic
chain maps

A(ho) ~ A(hy): AX) — AX X I)

PROOF Let A'(X) = A(X X I). Then A and A’ are covariant functors from
the category of topological spaces to the category of augmented chain com-
plexes and A(ho) and A(h,) are natural chain maps preserving augmentation
from A to A’. Since A is free with models {A¢} and

N9 = AAar x 1)

is acyclic, by lemma 1, it follows from theorem 4.3.3 that A(hg) and A(h,) are
naturally chain homotopic. ®

This special case implies the general result.
4  cororLARY If fo, fi: X — Y are homotopic, then
A(fo) = A(f2): ACX) — A(Y)

PROOF Let F: X X I — Y be a homotopy from fo to f1. Then fo = Fhy and
fi = Fhy. Therefore, using theorem 3,

A(fo) = A(F)A(ho) = A(F)A(h1) = A(f1) =
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Since A? is path connected for every g, any singular simplex o: A? —» X
maps A¢ to some path component of X. Hence, if {X;} is the set of path com-
ponents of X, then A(X) = (PA(X;). By theorem 4.1.6, we have the following
theorem.

5 tarorem The singular homology group of a space is the direct sum of
the singular homology groups of its path components. =

Because A7 is compact, every singular simplex o: A? — X maps A? into
some compact subset of X. Hence, if {X,} is the collection of compact sub-
sets of X directed by inclusion, then A(X) = lim_A(X,). By theorem 4.1.7, we
have our next result.

6 tHEOREM Thesingular homology group of a space is isomorphic to the
direct limit of the singular homology groups of its compact subsets. =

We now compute the 0-dimensional homology group of a space.

7 v1emma If X is a nonempty path-connected topological space, then
Ho(X) = 0.

PROOF Let x be a fixed point of X. For any point x € X there is a path «,
from xo to x. Because A? is homeomorphic to I, w, corresponds to a singular
1-simplex o,: A! — X such that 6,9 = x and 0,V = x,. A singular 0-simplex
in X is identified with a point of X. Therefore a O-chain (that is, a 0-cycle) of
X is a sum 2n,x, where n, = 0 except for a finite set of x’s. Since &(2n,x) =
Sng, we see that if e(Snx) = 0 [that is, if Zn.x € Ag(X)], then

3(Zng0,) = Zngx — (2n)xp = 2ngx
Therefore Ho(X) = 0. =

8 coroLLaRY For any topological space X, Ho(X) is a free group whose
rank equals the number of nonempty components of X.

prooF If X is empty, Ho(X) = 0, and the result is valid in this case. If X is
nonempty and path connected, it follows from lemmas 7 and 4.3.1 that
Hy(X) = Z. The general result now follows from theorem 5. =

If A is a subspace of X, there is a relative singular homology group
H(X,A) = {Hy(X,A) = H(A(X)/A(A))} of X modulo A. H(X, @) = H(X) is
called the absolute singular homology group of X. The relative homology
group is a covariant functor from the category of topological pairs to the
category of graded groups. We show that this functor can be regarded as de-
fined on the homotopy category of pairs.

9 tHEOREM If fo, f1: (X,A) — (Y,B) are homotopic, then
fO* = fl*: H(XaA) - H<Y’B)

PROOF Let F: (X X I, A X I) — (Y,B) be a homotopy from f to f;. Then
fo = Fho and fi = Fhy, where hg, hy: (X,A) — (X X I, A X I) are defined by
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ho(x) = (x,0) and hy(x) = (x,1). By theorem 3, there is a natural chain homo-
topy D: A(hg) ~ A(hy), where hg, hi: X — X X I are maps defined by ho and
h,. Because D is natural, D(A(A)) C A(A X I). For i = 0 or 1 there is a com-
mutative diagram

A(A) C AX) —  AX)/AA)
Atk | At | | s

AA X I) CAX X I) = AX X )/AA X I)

and a chain homotopy D: A(ho) =~ A(h4) is obtained by passing to the quo-
tient with D. By theorem 4.2.2,

Fiow = hie: HX,A) — HX X I, A X I)
Then
fO* = F*BO* = F*ill* :fl* =

If Hy(X,A) is finitely generated, its rank is called the gth Betti number of
(X,A) and the orders of its finite cyclic summands given by the structure
theorem are called the qth torsion coefficients of (X,A). If H(X,A) is finitely
generated, its Euler characteristic is called the Euler characteristic of (X,A),
denoted by x(X,A).

The remainder of this section is directed toward a proof that the sub-
complex of the singular chain complex generated by small singular simplexes
is chain equivalent to the singular chain complex. We begin by defining
a subdivision chain map in singular theory. A singular simplex o: A7 — A7 s
said to be linear if o(Zt;p;) = Etio(pi) for t; € I with 2¢; = 1. If o is linear,
so is o® for 0 < i < q. Therefore the set of linear simplexes in A" generates
a subcomplex A’(A7) C A(A%).

A linear simplex ¢ in A" is completely determined by the points o(p;). If

X0, X1, . . - , Xq € A", we write (x0,x1, . . . ,X;) to denote the linear simplex
o: A7 — Ar such that o(p;) = x;. With this notation, it is clear that
a(xo, e ey xq) = 2(——1)%3(?0, e ,ﬁi, e ,xq)

Furthermore, the identity map &,: A» C A” is the linear simplex £, =
(posp1, - - - spa)-

Let b, be the barycenter of An (that is, b, = 2(1/(n + 1))p;. For g > 0
a homomorphism

Bn: 8g(A") — Agi1(A)
is defined by the formula
Bulxo, - - - xgq) = (bnx0, + - - Xg)
Let : Z — Aj(A") be defined by 7(1) = (b,). Direct computation shows that

10 Bn: 1A/(An) ~T°¢g W
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For every topological space X we define an augmentation-preserving
chain map

sd: AX) — AX)
and a chain homotopy
D: A(X) — AX)

from sd to 1,), both of which are functorial in X. That is, if fi X — Y, there
are commutative squares

AX) S AX) AX) B Ax)
A L ag) A Lai
AY) 35 A(Y) AY) B AY)

Both sd and D are defined on g-chains by induction on q. If ¢ is a 0-chain, we
define sd(c) = ¢ and D(c) = 0. Assume sd and D defined on g-chains for
0 < g <n, where n > 1. We define sd and D on the universal singular
n-simplex &,: A» C A” by the formulas

sd(£n) = Bu(sd 0(4n))

For any singular n-simplex o: A* — X we define

sd(0) = A(o)(sd(¢,))
D(o) = A(0)(D(&r))

Then sd and D have all the requisite properties.
If X is a metric space and ¢ = 2n,0 is a singular g-chain of X, we define

mesh ¢ = sup {diam o(A%) | n, = 0}

11 rLemmA Let A" have a linear metric and let ¢ be a linear g-chain of An.

Then
mesh (sd ¢) < ~ 9 meshec
q+1
PROOF  The proof is based on induction on g, using the inductive definition
of sd. It suffices to show that if 6 = (xo,x1, . . . ,x,)is a linear g-simplex of A7,

then mesh (sd o) < (q/(q + 1)) mesh 0. If b = X (1/(g + 1))x;, a2 computation
similar to that of lemma 3.3.12 shows that the distance from b to any convex
combination of the points xo, x1, . . . , x, is less than or at most equal to
(q/(q + 1)) mesh (xo, . . . ,x,). Therefore

mesh (sd o) < sup (q z 1 mesh o, mesh (sd 80))

By induction
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mesh (sd o0) < 1 ; ! mesh a0

< E_% mesh o
which yields the result. =
We next define augmentation-preserving chain maps
sdm: AX) — AX)
for m > 0 by induction
sd® = lyx and sd™ = sd(sdm™1) m > 1
Then, from lemma 11, we obtain the following result.
12 coroLLAaRY Let A" have a linear metric and let ¢ € AyAn). Then
mesh (sd™¢) < [q/(qg + 1)]" meshc =

Let A = {A} be a collection of subsets of a topological space X and let
A(?) be the subcomplex of A(X) generated by singular g-simplexes o: A7 — X
such that 6(A%) C A for some A € A [if 6(A?) C A, then 6®(A971) C A, and
so A(?) is a subcomplex of A(X)]. Because sd and D are natural, sd(A()) C A(9)
and D(A(QL) C AQ).

13 temma Let U = {A} be such that X = U {int A| A € Q}. For any
singular q-simplex o of X there is m > 0 such that sd™ o € A(QU).

PROOF Because X = U{int A|A € U}, A7 = U{o (int A)| A € QAU}. Let
A7 be metrized by a linear metric and let A >> 0 be a Lebesgue number for
the open covering {o~1(int A) | A € U} of A¢ relative to this metric. Choose
m > 0 so that [¢/(g + 1) diam A7 < A. By corollary 12, mesh (sd™ &) < A.
Therefore every singular simplex of sd™ £, maps into o~ 1(int A) for some
A € 9l Then sd™ o = Alo) sd™ &, is a chain in A(Q1). =

We are now ready to prove the chain equivalence mentioned earlier.

14 THEOREM Let A = {A} be such that X = U{int A| A € Q}. Then the
inclusion map A(U) C A(X) is a chain equivalence.

PROOF For each singular simplex o in X let m(o) be the smallest nonnegative
integer such that sd™g¢ ¢ A(U). Such an integer m(o) exists by lemma 13, and
it is clear that m(s) = 0 if and only if o € A(?). Furthermore, m{¢®) < m(o)
for 0 <i < dego.
Define D: A(X) — A(X) by D(0) = Zo-j<m@-1 D sdi(c). Then D(o) = 0

if and only if o € A(Ql). Also

0D(0) = Zsdi*1(0) — Zsdi(s) — 2D sdi(do)

= 5d"(0) — 0 —Sojemie-1 i (— 11D sdi(o®)
Da(a) = 21 (— 1)1 20§jgm(o“’)~1D de(Om>
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Therefore
o + 0D(0) + Da(o) = 2 (— 1)} Zotinejcmie)—1D sdi(c) + sdm™)(o)

is in A(Q). Define 7: A(X) — A(Q) by 7(6) = ¢ + 9D(s) + D9(o). Then 7 is a
chain map preserving augmentation. Clearly, if i: A(U) C A(X), then
7°i = lyq and D: i° 7 ~ lyy. Therefore [r] = [i]7}, and i is a chain
equivalence. =

5 EXACTNESS

In this section we consider the relations among the homology groups of C’, C,
and C/C’, where C’ is a subcomplex of C. A concise way of summarizing
these relations is by means of the concept of exact sequence. The basic result
is the existence of an exact sequence connecting the homology of C’, C, and
c/C.

A three-term sequence of abelian groups and homomorphisms

¢seba
is said to be exact at G if ker § = im a. A sequence of abelian groups and
homomorphisms indexed by integers (which may or may not terminate at
either or both ends)
> C'n+1 —>an“ Gn 019 Gnor — -

is said to be an exact sequence if every three-term subsequence of consecu-
tive groups is exact at its middle group. Note that an exact sequence termin-
ating at one end with a trivial group can be extended indefinitely on that end
to an exact sequence by adjoining trivial groups and homomorphisms.

A short exact sequence of abelian groups, written

0-aSchaso

is a five-term exact sequence whose end groups are trivial. In such a short
exact sequence « is a monomorphism and g is an epimorphism whose kernel
is (). Therefore a is an isomorphism of G’ with the subgroup «(G’) C G,
and f induces an isomorphism from the quotient group G/a(G’) to G”. The
group G is called an extension of G’ by G”.

Given an exact sequence

nyy

ay
v Gppp > Gy — Gy —> - -

let G, = ker a, = im a,,1. Then the given sequence gives rise to short exact
sequences

0-G,—>G,—> Gy >0

for every G, not on one or the other end of the original sequence, and the
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composite G, — Gy_1 — Gp_1 equals ay,.

A homomorphism vy from one sequence {G, 25 Gu_1) to another
{H, B, H, 1} with the same set of indices (that is, of the same length) is a
sequence {yn: Gn — H,} of homomorphisms such that the following diagram
is commutative:

Ant+1

o
- > Gn+1 ——)Gn ~"—>Gn,1—>

Yn+ll ‘/nl/ l'Ynfl

. - n+1ﬁ~>Hn~—Bi>Hn;1——)---
There is a category of exact sequences with the same set of indices. In par-
ticular, there is a category of short exact sequences, and also a category of
exact sequences (indexed by all the integers).
Note that a sequence of abelian groups and homomorphisms
- > Cn+1 h) Cn -—a:—) Cn‘l —_ -
is a chain complex if and only if im 9,,1 C ker 3, for all n. This is half of the
condition of exactness at C,. For a chain complex C, the group H,(C) =
ker 0,/im 0,1 is a measure of the nonexactness of the sequence at C,. Thus
a chain complex is an exact sequence if and only if its graded homology
group is trivial. In any case, the fact that the homology group measures the
nonexactness of the chain complex suggests that there should be some rela-
tion between homology and exactness, and this is indeed so.
A short exact sequence of chain complexes, written

0-CcS5che 5o
is a five-term sequence of chain complexes and chain maps such that for all q
there is a short exact sequence of abelian groups
, % Bq ”
0-C —-C — C/—0
A homomorphism from one short exact sequence of chain complexes to an-
other consists of a commutative diagram of chain maps
0o-cScheo-o
A b
0-C5%che o
There is a category of short exact sequences of chain complexes and homo-
morphisms.

1  EexampLE Let C' be a subcomplex of a chain complex C and let
i: ¢ C C and j: C — C/C’ be the inclusion and projection chain maps,
respectively. There is a short exact sequence of chain complexes

0C5L5clhee >0
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Given a subcomplex ¢’ C C and a chain map 7: C — C such that 7(C") C C,
there is a homomorphism

J

0 — C”LC—)C/C’—)O
Ao b

J

O—)C’/LC_’-—)C'/C’—-)O
where 7 = 7| C’ and 1" is induced from 7 by passing to the quotient.

2 EexamprLe If C is an augmented chain complex, there is a short exact
sequence of chain complexes

0 ->C—->C57Z 50

There is a covariant functor C from the category of simplicial pairs to
the category of short exact sequences of chain complexes which assigns to
(K,L) the short exact sequence

0 — C(L) — C(K) — C(K)/C(L) — 0

Similarly, there is a covariant functor A from the category of topological pairs
to the category of short exact sequences of chain complexes which assigns to
(X,A) the short exact sequence

0 — AA) — AX) — AX)/AA) — 0

There is also a covariant functor A from the category of simplicial pairs to the
category of short exact sequences of chain complexes which assigns to (K,L)
the short exact sequence

0 — AL) - AK) — AK)/A(L) — 0
Then u is a natural transformation from A to C and » is a natural transforma-
tion from A to A(| - |) (both natural transformations in the category of short
exact sequences of chain complexes).

We define covariant functors H', H, and H” from the category of short
exact sequences of chain complexes

o-cS5ch oo
to the category of graded groups such that H’, H, and H” map the above
sequence into H(C"), H(C), and H(C"), respectively.
3  1eEmma  On the category of short exact sequences of chain complexes
o-cS5chce o

there is a natural transformation 0,: H' — H' such that if {z’’} ¢ H(C"),
then 0, {2} = {a~ 1087 12"} € H(C").
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prRoOF There is a commutative diagram
O —> Cé+1 ﬁé Cq+1 —ﬁ—) C&;l = 0
) al, bo
0>¢c ¢ B —o
S o Lo
0—Cj1 S Cr B0
in which each row is a short exact sequence of groups. If 2’ is a g-cycle of C”,
let ¢ € C, be such that B(c) = z”. Then
B(oc) = 0"B(c) = 0"2" =0
Therefore there is a unique ¢’ € Cj;_y such that a(¢’) = dc. Then
a(d'c’) = da(c’) = 00c = 0

Because « is a monomorphism, d’c’ = 0. Hence ¢’ is a (¢ — 1)-cycle of C'.

We show that the homology class of ¢’ in C’' depends only on the homol-
ogy class of 2" in C”, which will prove that there is a well-defined homomor-
phism 9, {2z} = {¢'}. Let ¢1 € C, be such that B(ci) ~ z”. Then there is
d’ € Cfi1 such that B(cq) = B(c) + 9”’d”’. Choose d € Cqyq1 such that
B(d) = d’. Then

Bler) = Ble) + 0”B(d) = Blc + 2d)
Therefore there is a d’ € C; such that ¢; = ¢ + od + a(d’), and
oc1 = o¢ + oa(d) = a(¢’) + a(d'd) = a(c’ + 0'd)

Hence a™Y3c¢y) = ¢’ + 9'd’ ~ ¢’ and {a™%(0c1)} = {a~1(d¢)}, showing that
04 is well-defined.

To prove that 9, is a natural transformation, assume given a commuta-
tive diagram of chain maps

0-cS5choso
o

O——>C”—&—>_£>C”——>O

7

<«

where the horizontal rows are short exact sequences. Then
Ty Oy {77} = e (@702} = {T'a”10B712"}
= {@170B7 17"} = {(a710f 172"} = Oy {2’} ™
The natural transformation 9, is called the connecting homomorphism
for homology because of its importance in the following exactness theorem.

4 THEOREM There is a covariant functor from the category of short exact
sequences of chain complexes to the category of exact sequences of groups
which assigns to a short exact sequence
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0-cSche So

the sequence
Ox - B s\ On N QK
- — Hy(C') =5 Hy(C) = HyC") = H,4(C) = ...
prooF The sequence of homology groups is functorial on short exact
sequences because 0, is a natural transformation. It only remains to verify
that it is an exact sequence. This entails a proof of exactness at Hy(C'), H,(C),
and H,(C"), each exactness requiring two inclusion relations. Therefore the
proof of exactness has six parts. We shall prove exactness at H,(C”) and leave
the other parts of the proof to the reader.
(a) im B C ker 9,. Let {z} € Hy(C). Then

O By {2} = 9 {BRR)} = {a719B7'B(2)} = {a702} = {a7X(0)} =0

(b) ker 0, C im B,. Let {z”"} € ker 9. Then there is ¢ € C, such that
B(c) = 2" and a719(c) = 0'(d’) for some d’ € C;. The difference ¢ — a(d’) € C,
is such that

o(c — a(d)) = dc — a(0'd) =0
Hence {c — a(d')} € Hy(C) and
Pi{c — a(d)} = {Ble) — Ba(d)} = {z"} =

Combining theorem 4 with example 2, we again obtain lemma 4.3.1. As
an example of the utility of exactness, note that the following corollary
is immediate from theorem 4.

5 coroLLARY Given a short exact sequence of chain complexes
0o-cS%cheo o

(a) Cis acyclic if and only if B, : H(C) = H(C").

(b) Cis acyclic if and only if 3, : H(C") = H(C").

(¢) C"is acyclic if and only if oy : H(C') = H(C). =

In (b) above it should be noted that 9, has degree — 1. It follows from

corollary 5 that if two of the chain complexes C’, C, and C” are acyclic, so is

the third.

6  coroLLARY Given an exact sequence of abelian groups

Ant1 a
e Gn+1—*)Gn—l—>Gn;1—>

and a subsequence

. .
= G 45 GL =S Gy — e

(that is, G, C G, and ay, = a, | G), the subsequence is exact if and only if
the quotient sequence

- Gu/Gi = Gt /Ghg = -

is exact.
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PROOF Let C be the chain complex consisting of the original exact sequence
and let C" be the subcomplex consisting of the subsequence. Then the quo-
tient chain complex C/C’ is the quotient sequence. Because C is an exact se-
quence, C is acyclic, and 9y: Hyo(C/C') = H, 1(C’). Therefore C’ is exact
[that is, H(C') = 0] if and only if C/C’ is exact [that is, H{C/C') = 0]. =

7 THEOREM The direct limit of exact sequences is exact.

prROOF Each exact sequence is an acyclic chain complex. The direct limit is
also a chain complex, and it is acyclic, by theorem 4.1.7. Therefore the limit
sequence is exact. =

This result is false if direct limit is replaced by inverse limit, because the
homology functor fails to commute with inverse limits.

Let K be a simplicial complex and let L; C Ly C K. By the Noether iso-
morphism theorem, there is a short exact sequence of chain complexes

0 C(Ls)/C(L1) 5 CIK)/C(Ly) > O(K)/C(Ls) — 0
By theorem 4, there is an exact sequence
c B Hy(LaLy) & HyK,Ly) 2> HyKLs) & Hy y(La,Ly) S .

where i, is induced by i: (Ls,L1) C (K,Ly), f4 is induced by j: (K,L;) C (K,Ly),
and 0y, is the connecting homomorphism. This sequence is called the homology
sequence of the triple (K,Lg,L,). It is functorial on triples. If L; = &, the re-
sulting exact sequence
& Hy(Lo) 5 Hy(K) % HyK.Le) & Hy 4(Ls) 5 ..

is called the homology sequence of the pair (K,Ly). It is functorial on pairs.

Because there is an inclusion map of the triple (K,Ls, &) into the triple
(K,Lg,L1), the next result follows.

8 vLemma The connecting homomorphism 0y : Hy(K,Ly) — Hy_1(Lo,Ly) of
the triple (K,L2,L,) is the composite

Hy(K,Ly) & Hy_y(Ls) %5 Hy_y(LaLy)
of the connecting homomorphism of the pair (K,L,) followed by the homo-
morphism induced by k: (Lg, @) C (Lg,Lq). m

If L is a nonempty subcomplex of a simplicial complex, C(L) c C(K),
and by the Noether isomorphism theorem, C(K)/C(L) = C(K)/C(L). There-
fore there is a short exact sequence of chain complexes

0— CL) 5 CK) 5 CK)/CL) — 0
The corresponding exact sequence
3 i

CB ALY B HAK) D HyKL) 2 He (L) 5 ...

is called the reduced homology sequence of the pair (K,L). It is not defined
if L = &, because C(L) has no augmentation in this case.
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In the same way, there is a singular homology sequence of a triple
(X,A,B) and of a pair (X,A). If A is nonempty, there is also a reduced homology
sequence of (X,A). All these sequences are exact, and the analogue of lemma 8
is valid relating the connecting homomorphism of a triple to the connecting
homomorphism of a pair.

® 1LEmMMA Let s be an n-simplex. Then

. 0
H,(5,8) = {Z Z 7 "
PROOF  Cy(8) = Cy(5) if g = n. Therefore [C(5)/C($)ly = 0 if g 5~ n, and
[CE)/CS)n=Z., =

Because H(5) = 0, by corollary 4.3.7, it follows from the exactness of the
reduced homology sequence of (5,5) that 04: Hy(5,8) = Hy_1(s) for all q.
Therefore we have the next result.

L0 coroLLARY If s is an n-simplex, then

I (U qgFn—1
Hq<s)~{Z g=n-1 =
We conclude by proving the following five lemma (so named because of
the five-term exact sequences involved in its formulation).

11 LEmma  Given a commutative diagram of abelian groups and homomor-
phisms

(e e e N - e

Y5J/ Y4l/ Ysl Yzl J/h
B B B B

Hy > Hy = Hy 5 Hy 5 Hy
in which each row is exact and y1, y2, Y4, and y5 are isomorphisms, then y3
is an isomorphism.

PrROOF  The proof is straightforward. To show that y; is a monomorphism,
assume v3(gs) = 0. Then vyaas(gs) = Bays(gs) = 0. Therefore as(gs) = 0.
Hence there is g4 € G4 such that as(gs) = gz. Then Bava(gs) = 0, and there
is hs € Hs such that B5(hs) = y4(gs). There is g5 € G5 with v5(gs) = hs. Then
Ya(as(gs)) = va(gs), and so g4 = as(gs). Then g3 = agas5(gs) = 0.

To show that y3 is an epimorphism let hs € Hj. There is g2 € G such
that ya(ge) = B3(hs). Then yias(gz) = B2B3(hs) = 0. Therefore as(ge) = 0,
and there is g3 € Gs such that a3(gs) = go. Then B3(hs — v3(gs)) = 0, and
there is hy € Hy4 such that By(hs) = hs — v3(gs). Let g4 € G4 be such that
%4({;4) = hy. Then gs + a4(ge) € Gs and v3(gs + aa(gs)) = va(gs) + Ba(ha) =

3 =

Note that to prove y3 a monomorphism we merely needed y; and y4 to
be monomorphisms and y5 to be an epimorphism, and to prove y3 an epimor-
phism we merely needed y; and y4 to be epimorphisms and v; to be a
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monomorphism. This type of proof is called diagram chasing and will be
omitted in the future.

We shall have several occasions to use the five lemma. We mention the
following as a typical example. For any simplicial pair (K,L) the natural trans-
formation p from the ordered homology theory induces a homomorphism of
the corresponding exact sequences

- — Hy(A(L)) — Hy(A(K)) — Hg(A(K)/A(L)) — - --
) ) |
- — Hy(L) — HyK) — HyK,L) — .-

By theorem 4.3.8, p, is an isomorphism on the absolute groups. It follows
from the five lemma that it is also an isomorphism on the relative groups.

12 cororLaRY For any simplicial pair (K,L) the natural transformation p
induces an isomorphism from the ordered homology sequence of (K,L) to the
oriented homology sequence of (K,L). ®

6 MAYER-VIETORIS SEQUENCES

There is an exact sequence which relates the homology of the union of two
sets to the homology of each of the sets and to the homology of their inter-
section. This sequence provides an inductive procedure for computing the
homology of spaces which are built from pieces whose homology is known.
We shall define this exact sequence as well as its analogue involving relative
homology groups, and use them to prove that the natural transformation »
from A(K) to A(|K]) is a chain equivalence for any simplicial complex K.

Let K; and Kz be subcomplexes of a simplicial complex K. Then
K; N Kz and K; U K3 are subcomplexes of K, and C(K;), C(Kz) C C(K).
Clearly C(Kl n Kz) = C<K1> N C(Kz) and C(K1> -+ C(KQ) = C(Kl U K2>
Let ili K1 N K2 - Kl, iz: K1 N K2 - Kz, ili K1 C Kl U Kg, and
ja: Ko C Ky U Kz. Then we have a short exact sequence of chain complexes

0 — C(K; N Ky) %5 C(Ky) ® C(Ks) 2> CKy U Ks) — 0

where i(c) = (Cli1)c, —Cliz)c) and j(c1,c2) = C(j1)cr + Cljz)ce. The corre-
sponding exact sequence of homology groups
j I Ox

-2 Hy(Ky N Kg) 5 Hy(Kq) @ Hy(Kz) &5 Hy(K; U Kg) &> ,
H, (K1 N Kg) & ...

is called the Mayer-Vietoris sequence of the subcomplexes Ky and K. The
homomorphisms i, and j, in the Mayer-Vietoris sequence are described by
means of homomorphisms induced by inclusion maps by

12 = (114 %, —i243) and fs (F1,22) = f1e71 + f2u22
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fOl” z € H(Kl N Kg), z1 € H(Kl), and z2 E H(Kz)
If Ky N Ky 7= &, there is a commutative diagram of abelian groups and
homomorphisms

0 — Co(Ky N Kz) > Co(Ky) ® Co(K2) 5> Co(Ky U Ky) — 0
el e@e] le
0> Z 5 zez 4 Z -0
where a(n) = (n,—n) and B(n,m) = n 4+ m. Since the rows are exact and the

vertical homomorphisms are epimorphisms, it follows from corollary 4.5.6 that
there is an exact sequence of the kernels

0 —> Co(Kl ﬂ Kg) —l—) CQ(KI) @ éo(Kz) -]—> C()(Kl U Kg) -—> 0

and so there is a short exact sequence of chain complexes

0 — C(Ky N Ky) 5 CKy) ® CKy) L CKy U Ky) — 0
The corresponding exact sequence of reduced homology groups
C 2 Ky N Ka) S HyKy) @ Hy(Kz) 2> HyKy U Kg) &5 ..

is called the reduced Mayer-Vietoris sequence of Ky and K.
If (Ky,Ly) and (Kj,Lz) are simplicial pairs in K, there is also a short exact
sequence

which is a subsequence of the short exact sequence

It follows from corollary 4.5.6 that the quotient sequence is a short exact
sequence of chain complexes

0— C(K1 N Ky)/C(Ly N Ly) — C(Ky)/C(Ly) © C(Kz)/C(Lg) —
C<K1 U Kz)/C(Ll U L2> — 0

The corresponding exact sequence of homology groups

- 25 HyKy N Ka, Ly 0 Ly) 5 Hy(Ky,Ly) ® Hy(Kp,L) 2
HyK1 U Ky, Ly U Ly) &5 ...

is called the relative Mayer-Vietoris sequence of (K1,L1) and (Kg,Lg).

The relative Mayer-Vietoris sequence specializes to the exact sequence of
a triple or a pair. In fact, given a triple (K,L;,Ls), the relative Mayer-Vietoris
sequence of (K,L;) and (Ly,L1) is easily seen to be the homology sequence of
the triple (K,Ly,L,) as defined in Sec. 4.5. In case Ly = &, the relative
Mayer-Vietoris sequence of (K, @) and (Ly,L,) is the homology sequence of
the pair (K,L;).

An inclusion map (Ky,L;) C (Kg,Ls) is called an excision map if
Ki — Ly = Ky — L,. The exactness of the Mayer-Vietoris sequence is closely
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related (in fact, equivalent) to the following excision property.

1 THEOREM Any excision map between simplicial pairs induces an iso-
morphism on homology.

prooF If (K3,L;) C (Ks,Ls) is an excision map, then Ky = Ky U Ly and
L; = Ky N L. By the Noether isomorphism theorem,

C(K1)/C(L1) = [C(Ky) + C(L2)l/C(Le) = C(K2)/C(Lg) ™

For the ordered chain complex it is still true that if Ky and K3 are sub-
complexes of some simplicial complex, then A(K; U Kz) = A(Ky) + A(Kz).
Therefore all the above results remain valid if the oriented homology is
replaced throughout by the ordered homology.

An inclusion map (X1,A1) C (X2,A2) between topological pairs is called
an excision map if Xy — A; = Xy — Ao, It is not true that every excision
map induces an isomorphism of the singular homology groups. Neither is it
true that there is an exact Mayer-Vietoris sequence of any two subsets X; and
X2 of a topological space.

2 ExampLE Let f: R — R be defined by

sinl x>0
X

fl) =

0 x <0

and let X; = ((xy) ER? |y > f(x) or x = 0, |y| < 1} and Xz = {(x,y) € R?|
y < fix) or x =0, |y < 1}. Then X, and X, are closed path-connected sub-
sets of R? such that X; U X, = R? and X; N X; consists of two path com-
ponents. Therefore there is no homomorphism Hi(X; U Xz) = Ho(X; N Xy)
which will make the sequence

H1<X1 U Xz) e ﬁo(xl M Xz) d Ho(X1> @ H()(XQ)
exact at Hy(X; N Xz) [the ends are both trivial, but Ho(X1 N Xg) 5~ 0].

We can, however, develop a Mayer-Vietoris sequence in singular homol-
ogy for certain subsets X; and Xz of a topological space. Let X; and X, be
subsets of some space. {X1,Xz} is said to be an excisive couple of subsets if
the inclusion chain map A(X1) + A(Xz) C A(X; U X2) induces an isomor-
phism of homology. Our next result follows from theorem 4.4.14.

3 raEorREM If X; U X; = inty,yx, X3 U inty,ux, Xz, then {X1,Xz} is an
excisive couple. ®

In particular, if A C X, then {X,A} is always an excisive couple. The
relation between an excisive couple { X1, X2} and excision maps is expressed
as follows.

4 THEOREM {X1,X2} is an excisive couple if and only if the excision map
(X1,X; N Xz) C (X1 U X»,X3) induces an isomorphism of singular homology.
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pPROOF We have a commutative diagram of chain maps induced by inclusions

AX1)/AX; N Xa) 220 A(Xy U Xo)/A(Xo)

N
[A(X1) + AX2)]/A(Xz)

where j is the excision map f: (X1, X1 N X2) C (X1 U Xy, X3). By the Noether
isomorphism theorem, i is an isomorphism; therefore j,, = i i, is an isomor-
phism if and only if i is an isomorphism. Using the exactness of the homology
sequence of a pair and the five lemma, i}, is an isomorphism if and only if the
inclusion map A(Xy) + A(Xz) C A(Xy U X3) induces an isomorphism of homol-
ogy, which is by definition equivalent to the condition that {X;,X2} be an
excisive couple. =

This yields the following excision property for singular theory.

5 coroLLARY Let U C A C X be such that U C int A. Then the excision
map (X — U, A — U) C (X,A) induces an isomorphism of singular homology.

PrROOF The hypothesis U C int A impliesint (X — U) D X — U D X — int A.
By theorem 3, {A, X — U} is an excisive couple, and the result follows from
this and from theorem 4. =

For any subsets X; and X; of a space, A(X; N X2) = A(Xy) N A(Xy), and
there is a short exact sequence of singular chain complexes

0 - AKXy N X2) 5 AXD) ® AKXy > AXy) + AXz) — 0
This ylelds an exact sequence

Hy (X1 N Xz) " Hy(Xy) @ H, (x2) I Hy(A (X1> + AXz)) &
— <X n X2> -

If {X1,X2} is an excisive couple, the group H,(A(X1) + A(X2)) can be replaced
by the group Hy(X; U X3), and the resulting exact sequence is

O H (X N Xp) S Hy(Xy) ® Hy(Xg) L5 Hy(X; U Xp) &
Hq~1<X1 ﬂ Xz) =

where iy (2) = (114 2, —i242) and jg (21,22) = j1x 21 + jouz2 for z ¢ H(X; N Xa),
21 € H(X;), and z; € H(X3y). This is the Mayer-Vietoris sequence of singular
theory of an excisive couple {X1,X,}. Similarly, if X; N Xy 5= &, thereis a
reduced Mayer-Vietoris sequence of {X1,X5}.

If (X1,A1) and (X2,Az) are pairs in a space X, we say that {(X1,A1), (X2,42)}
is an excisive couple of pairs if {X1,X2} and {A,A,} are both excisive couples
of subsets. In this case it follows from the five lemma that the map induced
by inclusion

[A(Xy) + A(XL)]/[A(AL) + A(A2)] = [A(Xy U Xp)]/[A(AL U Ag)]

induces an isomorphism of homology. Hence, if {(X1,A1), (X2,A42)} is an
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excisive couple of pairs, there is an exact sequence

3 H(Xy N Xo, A N Ag) 25 Hy(X1,A1) @ Hy(Xp,A2) 25 i
Hy(X; U Xg, A U Ap) &5 -

called the relative Mayer-Vietoris sequence of {(X1,A1), (X2,A2)}.

The relative Mayer-Vietoris sequence specializes to the exact sequence
of a triple (or a pair). In fact, given a triple (X,A,B), {(X,B), (A,A)} is always
an excisive couple of pairs, and the relative Mayer-Vietoris sequence of
{(X,B), (A,A)} is the homology sequence of the triple (X,A,B).

We use the Mayer-Vietoris sequence to compute the singular homology
of a sphere.

6 TtHEOREM Forn >0
7 0 g+#n
H,(S") =~
o(S) {Z g=n

PROOF Let p and p’ be distinct points of S». Because S — p and §* — p’ are
contractible (each being homeomorphic to R»), H(S" — p) = 0 = H(S» — p’).
Since S — p and $* — p’ are open subsets of S, it follows from theorem 3
that {S" — p, S* — p’} is an excisive couple. From the exactness of the corre-
sponding Mayer-Vietoris sequence, it follows that

Og: Ho(S") = Hoa(S" — (p U p'))

Because S" — (p U p’) has the same homotopy type as S»~1, there is an
isomorphism H, 1(S" — (p U p")) = H,_1(S*1), and the result follows by
induction and the trivial verification that for n = 0 the theorem is valid. =

We now show that a couple consisting of polyhedral subsets of a poly-
hedron is excisive.

7 1EmMMA Let Ky and K be subcomplexes of a simplicial complex K.
Then {|K4|,|Kz|} is an excisive couple.

pROOF Let V be a neighborhood of |[Ky N Kyl in |[Kq| having |K; N Ky as a
strong deformation retract (such a V exists, by corollary 3.3.11). There is a
commutative diagram

- — Hy(|K1 N Kz|) = Ho(|Ky|) —» Ho(|Kyl, Ky N Kz|) — -+
i.\l{ 1i ];l
- Hy(V) — Hy(|Ky1|) = Hy([K([,V) —

Because i: |[Ky N Kp| C Vis a homotopy equivalence, i, : H(|K1 N Ks|) = H(V).
By the five lemma, j, : H(|K1|, |[Ky N Kz|) = H(|K4),V).

Also, V U |Kjy| is a neighborhood of |K5| in |K; U Kj| having |K| as a
strong deformation retract. Therefore a similar proof shows that

4t HOKy U Kol, [Kaf) = H(K; U Kal, V U [Ka)

By theorem 4, {|K4|, |[K2|} is an excisive couple if and only if the excision
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map (|Ki|, |[K1 N Ka|) C (K1 U Ky, |K|) induces an isomorphism of homol-
ogy. In view of the isomorphisms j, and f4, this will be so if and only if the
excision map (|K1|,V) C (|K1 U Kz|, V U |Ky|) induces an isomorphism of
homology. Again by theorem 4, this is equivalent to the condition that
{|K4, V U |K2|} be an excisive couple. This is so by theorem 3, since
1K2[ C int (V U |K2|> and |K1| — ]K2| C int |K1] L]

8 tHEOREM For any simplicial pair (K,L) the natural transformation v
induces an isomorphism of the ordered homology sequence of (K,L) onto the
singular homology sequence of (|K|,|L|).

prooF It suffices to prove that for any simplicial complex K, v, : H(A(K)) =
H(|K|), because the theorem will follow from this and the five lemma. We
prove this first for finite simplicial complexes by induction on the number of
simplexes. If K contains one simplex, then K = §, where s is a O-simplex, and
the result follows from corollary 4.4.2.

Assume the result inductively for simplicial complexes with fewer than
m simplexes, where m > 1, and let K contain exactly m simplexes. Let s be a
simplex of K of maximum dimension and let L be the subcomplex of K con-
sisting of all simplexes other than s. Then K = L U § and § = L N 3. Because
L has exactly m — 1 simplexes, v, is an isomorphism H(A(L)) =~ H(|L|)
and an isomorphism H(A(S)) = H(|s|). By corollary 4.4.2, v, : H(A(3)) = H(|3]).
By the exactness of the ordered Mayer-Vietoris sequence of L and § and the
Mayer-Vietoris sequence of singular theory for |L| and |5| (which exists, by
lemma 7), it follows from the five lemma that v, : HA(K)) =~ H(|K]).

For infinite simplicial complexes K let {K,} be the family of finite sub-
complexes of K directed by inclusion. It follows from theorem 4.3.11 that
H(A(K)) = lim_, H(A(K,)) and from theorem 4.4.6 that H(|K|) = lim_, H(|K,|).
The theorem now holds for K because »,, is natural. =

We show next that for free chain complexes a chain map is a chain
equivalence if and only if it induces an isomorphism in homology. First we
establish an exact sequence containing the homomorphism induced by a
chain map.

9 1emma Let 7: C — C' be a chain map and let C be the mapping cone
of 1. There is an exact sequence

- — Hy1(C) —» HyC) I Hy(C) — Hy(C) —» - --

PROOF Let a: C' — C be the chain map defined by a(c) = (0,c). Then
o« imbeds C’ as a subcomplex of C and the quotient complex C/C’ is such that
(C/C')q = Cy-1; the boundary operator of C/C’ corresponds to the negative
of the boundary operator of C under this isomorphism. The desired exact
sequence is then obtained from the exact homology sequence of the short exact
sequence of chain complexes

0>C5C—-C/C—-0
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by replacing H,(C/C’) by H,_1(C) and verifying that the connecting homo-
morphism 3y : Hy,1(C/C’) — Hy(C’) corresponds to 7y : Hy(C) — Hy(C'). =
10 taHeorem If Cand C' are free chain complexes, a chain map 7: C — C’
is a chain equivalence if and only if 74 H(C) = H(C').

PrOOF By corollary 4.2.11, 7 is a chain equivalence if and only if C is acyclic.
By lemma 9 and corollary 4.5.5, Cis acyclicif and only if 7. : H(C) =~ H(C’). =

Because A(K)/A(L) and A(|K|)/A(|L|) are free chain complexes, we have
the following result.

11 coroLLarYy For any simplicial pair (K,L), v is a chain equivalence of
A(K)/A(L) with A(K])/A(L]). s

If @: K; — Kj is a simplicial map, there is a commutative diagram
H(K,) <= H(A(K1)) => H(|Kq|)
&l @ Yol
H(K) <= H(MK2)) <> H(|Kz|)

In particular, if K’ is a subdivision of K and ¢: K’ — K is a simplicial approx-
imation to the identity |[K’| C |K|, then

ol ~1ix  and  |@ly = lagx)
From the commutativity of the above diagram we obtain our next result.

12 tHEOREM Let K’ be a subdivision of K and let ¢: K’ — K be a simplicial
approximation to the identity map |K'| C |K|. Then

¢x: HK') = HK) =

By theorem 10, C(¢): C(K') — C(K) is a chain equivalence. It will
be useful to construct a chain map C(K) — C(K') which is a chain homotopy
inverse of C(p). If K’ is a subdivision of K, an augmentation-preserving chain
map 7: C(K) — C(K’) is called a subdivision chain map if : C(L) C C(K’|L)
for every subcomplex L C K [ that is, if 7 is a natural chain map from C to

C(K" [+) on &K)].

13 taEorEM If K’ is a subdivision of K, there exist subdivision chain
maps 7: C(K) — C(K'). If ¢: K' — K is a simplicial approximation to
the identity |K'| C |K|, then 1, = @gz1: HK) = H(K’).

PrOOF If s is any simplex of K, then C(K’|3) is acyclic [because H(K' | 5) =
H(|5|) = 0]. Hence, on the category C(K) of subcomplexes of K with models
MK) = {§|s € K}, the functor C is free and C(K’ | +) is acyclic. It follows
from theorem 4.3.3 that there exist natural chain maps 7 from C to C(K’ | -)
preserving augmentation.

If 7 is any subdivision chain map and ¢: K’ — K is a simplicial approxi-
mation to the identity map |K’| C K, the composite
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Cle)r: C(K) — C(K)

is a natural chain map over C(K) from C to C preserving augmentation. Since
C is free and acyclic with models 9 K), it follows from theorem 4.3.3 that
Clp)T ~ 1. Therefore g1, = lgi. Since, by theorem 12, ¢, is an iso-
morphism, 7, = ¢, 1. =

7 SOME APPLICATIONS OF HOMOLOGY

In this section we use homology for some of the applications mentioned
earlier. We shall show that euclidean spaces of different dimensions are not
homeomorphic, and also that S» is not a retract of E**1 (which is easily seen
to be equivalent to the Brouwer fixed-point theorem). This leads to the gen-
eral consideration of fixed points of maps, and we prove the Lefschetz fixed-
point theorem. Finally, we shall consider separation properties of the sphere.
Proofs are given of Brouwer’s generalization of the Jordan curve theorem and
of the invariance of domain.

1 tHEOREM If n == m, S" and S™ are not of the same homotopy type.
PROOF By theorem 4.6.6, H,(S") 5= 0 and H,(S™) = 0. =
2 corowrary If n == m, R* and R™ are not homeomorphic.

prooF If R and R™ were homeomorphic, their one-point compactifications
S and S™ would also be homeomorphic, in contradiction to theorem 1. =

In corollary 2 both R” and R™ are contractible. Therefore they have the
same homotopy type and cannot be distinguished by their homology groups.
To distinguish them it was necessary to consider associated spaces having
nonisomorphic homology. We chose to consider their one-point compactifica-
tions, but another proof could have been based on the fact that R* minus a
point has the same homotopy type as S»~1,

These two results are applications of homology to the problem of classi-
fying spaces up to topological equivalence. Our next application is to an
extension problem.

3 LEmma Let (X,A) be a pair such that A is a retract of X. Then
H(X) = HA) @ H(X,A)

PROOF Given i: A C X andj: (X,9) C (X,A) and a retraction : X — A, then
ri = 14. Therefore i, = lgu) and iy is a monomorphism of H(A) onto a
direct summand of H(X). The other summand is the kernel of r,. From the
exactness of the homology sequence of (X,A)

i» fu £
- = Hy(X,A) S Hye(A) S Hyea(X) S Hypea(X,4) 5 - -
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because ker iy, = 0, 9, is the trivial map. Therefore j, is an epimorphism.
Since ker j, = im iy, j, induces an isomorphism of ker r, onto H(X,A). =

Note that lemma 3 is still valid if A is a weak retract of X.
4  coroLLARY Forn > 0, S* is not a retract of E**1,

PROOF By theorem 4.6.6, I:In(S”) = 0, but because E"*1 is contractible,

H,(Er1) = 0. Therefore H(S") is not isomorphic to a direct summand of
H(Er+1), =

This implies the following Brouwer fixed-point theorem.

5 THEOREM For n > 0 every continuous map from E™ to itself has a
fixed point.

pPrROOF For n = 0 there is nothing to prove. For n > 0 let f: E» — E” be
continuous. If f has no fixed point, define a map g: E» — §7~1 by g(x) equal
to the unique point of $7~1 on the ray from f{x) to x, as shown in the figure.

glx)
Then g is a retraction from E” to $71, in contradiction to corollary 4. =

We have, in fact, proved that corollary 4 implies theorem 5. The
converse is also true, for if r: E»*1 — S* were a retraction, the map f: Er*1 — Ert1
defined by f(x) = —r(x) would have no fixed points.

There is an interesting generalization of theorem 5 which contains a
criterion for showing that a certain map from X to itself has a fixed point even if
not every map of X to itself has fixed points. This generalization also illustrates
another type of application of homology in that it is based on an algebraic
count of the number of fixed points, the algebraic count being formulated in
homological terms. This type of application of homology occurs frequently.
Generally it involves a set of singularities of X of a certain type (for example,
the set of fixed points of a map X — X, the set of discontinuties of a function
X — Y, the set of self-intersections of a local homeomorphism X — R™, etc.)
and measures the singular set by means of a homology class associated to it.

Let C be a finitely generated graded group and let h: C — C be an en-
domorphism of C of degree 0. The Lefschetz number A(h) is defined by the
formula

Ah) = S(—1)Tr(hy)
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where hy: C; — C; is the endomorphism defined by h in degree q. The fol-
lowing Hopf trace formula equates the Lefschetz numbers of a chain map and
its induced homology homomorphism.

6 TtHEOREM Let C be a finitely generated chain complex and let 7: C — C
be a chain map. Then

A1) = M1y)

PROOF The proof is similar to the proof of the corresponding statement
about the Euler characteristic (theorem 4.3.14), the Euler characteristic being
the Lefschetz number of the identity map, with theorem 4.13 of the Intro-
duction used in place of theorem 4.12. Details are left to the reader. =

Let f: X — X be a map, where X has finitely generated homology. The
Lefschetz number of f, denoted by A( f), is defined to be the Lefschetz number
of the homomorphism f,: H(X) — H(X) induced by f. It counts the algebraic
number of fixed homology classes of f,, . The following Lefschetz fixed-point
theorem shows that A( f) 7 0 is a sufficient condition for f to have a fixed point.

7 THEOREM Let X be a compact polyhedron and let f: X — X be a map.
If A\(f) 5% 0, then f has a fixed point.

PROOF We assume that f has no fixed point and prove A(f) = 0. Without
loss of generality, we may assume X = |L| for some finite simplicial complex L.
Because |L| is a compact metric space, if f has no fixed point, there is a > 0
such that d(a,f(a)) > a for all a € |L|. Let K be a subdivision of L with mesh
K < a/3 and let K’ be a subdivision of K for which there exists a simplicial
map ¢: K’ — K which is a simplicial approximation to f: |K| — |K]. Since
lp|(«) and f{a) belong to some simplex of K, d(|p|(a),fle)) < a/3 for a € |K|.
If s is any simplex of K, |s| is disjoint from |¢|(|s|), for if « € |s| is equal
to |¢|(B) for B € |s|, then

d(B.f(B) < d(B.e) + d(|9|(B).f(B) < 2a/3

in contradiction to the choice of a.

Let 7: C(K) — C(K') be a subdivision chain map (which exists, by
theorem 4.6.13). Then C(¢)r: C(K) — C(K) is a chain map. If ¢ is an oriented
g-simplex on a g-simplex s of K, then C(¢)7(0) is a g-chain on the largest sub-
complex of K disjoint from s. Therefore C(¢)7(0) is a g-chain having coefficient 0
on o. Since this is so for every o, all the coefficients summed in forming
Tr(C(g)T)q are zero and Ti((C(p)7),) = O for all g, which implies A(C(g)7) = 0.
By theorem 6, A((C(¢)7),.) = 0. Let ¢': K’ — K be a simplicial approximation
to the identity map |K’| C |K|. There is a commutative diagram

HK) ¥ HK) ¥ H(K)

T = Tt T:
H(A(K)) <> H(AKK')) =25 H(A(K))
J/: \L: \L:

[pls = fx

H(K|) <=0 Bk ) 2225 | k)
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from which it follows that

Mfe) = Mple (196) 1) = Mow (@)1
By theorem 4.6.13, (¢5)™" = 75 and ANgy (¢%) ") = M@y 7s) = MCl@)7])-
Therefore A(f) = 0. =

This yields the following generalization of the Brouwer fixed-point
theorem.

8 cororLLary Every continuous map from a compact contractible poly-
hydron to itself has a fixed point.

PrROOF If X is contractible, H(X) = 0, and for any f: X — X, A(f) =1
[because f,, is the identity map on Ho(X) =~ Z]. =

This result is false for noncompact polyhedra. In fact, R is a contractible
polyhedron and any translation different from 1 fails to have a fixed point.

Given a continuous map f: §* — S, the degree of f is the unique integer
deg f such that

fu®) = (deg )z 2 € Hy(S")
The following fact is obvious.
9 Foranymap f: S — S A(f) =1+ (—1)rdegf =

Since the antipodal map S» — S* has no fixed points, the next result
follows from theorem 7 and statement 9.

10 cororLLary The antipodal map of S* has degree (—1)7t1. =

11 coroLLARY If n is even, there is no continuous map f: S* — S such
that x and f(x) are orthogonal for all x € S

PROOF Assume that such a map exists. Then a homotopy F: f ~ 14 is de-
fined by

of) — (1 — tflx) + tx
Fol) = T =) +

This is well-defined, because the condition that x and f(x) be orthogonal
implies ||(1 — §)f(x) + tx||2 = (1 — )2 4 #2550 for 0 < ¢ < 1. Since f =~ 1gn,
A f) = AM1g®) = 1 + (—1)" % 0. Hence, by theorem 7, f must have a fixed
point, in contradiction to the orthogonality of x and f(x) for all x. =

This last result is equivalent to the statement that an even-dimensional
sphere S has no continuous tangent vector field which is nonzero everywhere
on S~. For odd n such vector fields do exist because the map f: §2m~1 — §2m~1
defined by

f(xl, ca ,xzm) = (—xz, X1, « - .5 —X2m, x2m—1)

is continuous and has the property that x and f(x) are orthogonal for all x.
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Instead of considering vector fields, we consider one-parameter groups
of homeomorphisms. A flow on X is a continuous map

yRX X—>X
such that
(a) 1P(t1 + io, x) = \b(tl, z,!/(tg,x)) t1, to € B; x € X
(b) ¢(0,x) = x x € X

For t € Rlet {;: X — X be defined by y4(x) = y(t,x). Then (a) and (b) imply
Yy = (Y1)71, and so Y, is a homeomorphism of X for all ¢t € R. A fixed point
of the flow is a point xo € X such that y(t,x0) = xo for all ¢ € R.

12 raroreM If X is a compact polyhedron with x(X) # 0, then any flow
on X has a fixed point.

PROOF Each v, is homotopic to 1y [by the homotopy F: X X I — X defined
by F(x,t') = ¢{((1 ~ t')t, x)]. Therefore

AWy = Mly) = x(X) # 0

Hence, by theorem 7, each i, has fixed points. For n > 1 let A, be the
closed subset of X consisting of the fixed points of {1,o7. Then A, 1 C A,,
and {A,} is a decreasing sequence of nonempty closed subsets of the com-
pact space X. Let F = M A,. Then F is nonempty, and any point of F is
fixed under {; for all ¢ of the form 1/2” for n > 1. This implies that each
point of F is fixed under v, for all dyadic rationals ¢t = m/2". Since the dyadic
rationals are dense in R, each point of F is fixed under ¢, for all t. =

We now turn our attention to separation properties of the sphere.

13 remma  If A C S* is homeomorphic to I¥ for 0 < k < n, then
H(S» — A) = 0.

PROOF We prove this by induction on k. If kK = 0, then A is a point and
S» — A is homeomorphic to R Therefore H(S» — A) = 0.

Assume the result for k < m, where m > 1, and let A be homeomorphic
to I'. Regard A as being homeomorphic to B X I, where B is homeomorphic
to I™™1, by a homeomorphism h: B X I — A. Let A’ = h(B x [0,%]) and
A" = h(B X [%,1]). Then A = A" U A” and A’ N A” is homeomorphic to
B X %. By the inductive assumption, H(S* — (A’ N A”)) = 0. Because
S — A" and $* — A" are open sets, they are excisive and from the exactness
of the corresponding reduced Mayer-Vietoris sequence

iy Hy(Sr — A) = Hy(S» — A") @ Hy(S" — A”)
Ifz € H,(S* — A) is nonzero, then either ifz 5= 0 in Hy(S* — A’) or iffz 0
in Hg(S* — A”), where i: S* — A C S — A’ and i": S* — A C S» — A”.

Assume iy z 5= 0. We repeat the argument for A" and thus obtain a sequence
of sets
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A DAL DAD .-
such that

(@) The inclusion S* — A C S — A; maps z into a nonzero element of
ﬁq<5" — Aj).
(b)y MA; is homeomorphic to I"1

Because every compact subset of §» — (M A; is contained in S* — A; for
some j, it follows from theorem 4.4.6 that Hy(S" — M A;) = lim_, {Hy(S* — A;)}.
This is a contradiction because, by condition (a), the element z determines a
nonzero element of lim., {Hy(S* — A})}, but by condition (b) and the inductive
assumption, Hy(S" — MA;)) = 0. =

14 coroLLARY Let B be a subset of S" which is homeomorphic to Sk for
0<k<n-—1 Then

0 qgF*n—k—1

Hq(s""B):{Z g=n—k—1

prOOF We use induction on k. If k = 0, then B consists of two points and
S» — B has the same homotopy type as 5*~1. Therefore

~ {0 g#n—1

A -p={; 1707
If k > 1,set B= A; U A, where A; and A, are closed hemispheres of Sk
and assume the result valid for k — 1. Then A; and A, are homeomorphic to
I¥* and Ay N Ay is homeomorphic to S¥71. Because S* — A; and S* — A, are
open, {S* — Ay, S* — A,} is an excisive couple, and there is an exact reduced
Mayer-Vietoris sequence
— Hya(S" — A1) @ Hyya(S" — Az) — Houa(S" — (A1 N Ag)) —

H,(S" — B) — Hy(S* — A1) @ Hy(S* — Ag) —

By lemma 13, the groups at the ends vanish. The result then follows from the
inductive assumption. ®

For the special case of an (n — 1)-sphere imbedded in S”, we obtain the
following Jordan-Brouwer separation theorem.

153 tHEOREM An (n — 1)-sphere imbedded in S* separates S* into two com-
ponents of which it is their common boundary.

PROOF If B C S» is homeomorphic to S*~1, then Ho(S" — B) = Z, by corol-
lary 14. Therefore S — B consists of two path components. Since S* — B is
an open subset of S, it is locally path connected and its path components U
and V, say, are its components.

Clearly, B contains the boundary of U and of V. To prove B C U NV,
let x € B and let N be a neighborhood of x in S». Let A C B N N be a subset
such that B — A, is homeomorphic to I"~1. Then H(S* — (B — A)) = 0, by
lemma 13, so S* — (B — A) is path connected. If p € Uand g € V, there is a
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path win §* — (B — A) from p to q. Because p and g are in different path
components of S — B, w meets A. Therefore A contains a point of U and a
point of V. Hence N meets U and V,andx ¢ UN V. =

A related result is the following Brouwer theorem on the invariance of
domain.

16 taeorem If U and V are homeomorphic subsets of S* and U is open in
Sn, then V is open in S™.

PROOF Let h: U — V be a homeomorphism and let A(x) = y. Let A be a
neighborhood of x in U that is homeomorphic to I* and with boundary B
homeomorphic to S»71. Let A" = h(A) C V and let B" = h(B). By lemma 13,
S — A’ is connected, and by theorem 15, S* — B’ has two components.
Because

S — B = (S" — A") U (A’ — B

and " — A" and A’ — B’ are connected, they are the components of 5* — B'.
Therefore A" — B’ is an open subset of S Since y € A” — B’ C V and y was
arbitrary, V is open in S». =

8 AXTOMATIC CHARACTERIZATION OF HOMOLOGY

A simple set of axioms characterizing homology on the class of compact
polyhedral pairs has been given by Eilenberg and Steenrod!. This section
describes the axiom system and related concepts. For compact polyhedral
pairs, the axioms are categorical (that is, two theories satisfying them are
isomorphic). Thus the axioms are basic theorems from which other properties
of homology theories can be deduced. In many cases, proofs based on the axioms
are simpler and more elegant than proofs which refer back to the original de-
finition of the homology theory.

To formulate the axioms it is usual to start with a suitable category of
topological pairs and maps (called “admissible categories” by Eilenberg and
Steenrod). We shall not define these categories. The category of all topologi-
cal pairs is such a category, and so are its full subcategories defined by the
polyhedral pairs and defined by the compact polyhedral pairs. For our pur-
poses we shall always regard a homology theory as defined on the category of
all topological pairs, and we identify a space X with the pair (X, 2).

A homology theory H and 9 consists of

(a) A covariant functor H from the category of topological pairs and
maps to the category of graded abelian groups and homomorphisms of
degree 0 [that is, H(X,A) = {H,(X,A)}]

1 See S. Eilenberg and N. E. Steenrod, “Foundations of Algebraic Topology,” Princeton Univer-
sity Press, Princeton, N.J., 1952.
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(b) A natural transformation 9 of degree —1 from the functor H on
(X,A) to the functor H on (A, @) [that is, 3(X,A) = {04(X,A): Hy(X,A) —
Hy1(A)}].

These satisfy the following axioms.
1 momotory axiom If fo, f1: (X,A) — (Y,B) are homotopic, then
H(fo) = H(f1): HX,A) — H(Y,B)

2 EXACTNESS AxioM For any pair (X,A) with inclusion maps i: A C X and
j: X C (X,A) there is an exact sequence

L GanlXAL gy Hild Hy(X) 22 H(x,4) B4, g4y Hel)

3 Excision axiom  For any pair (X,A), if U is an open subset of X such
that U C int A, then the excision map j: (X — U, A — U) C (X,A) induces
an isomorphism

H(j): HX — U, A — U) = H(X,A)

4 DIMENSION axtoM  On the full subcategory of one-point spaces, there is a
natural equivalence of H with the constant functor; that s, if Pis a one-point
space, then

0 q++0
q=0

Obviously, the homotopy axiom is equivalent to the condition that the
homology theory can be factored through the homotopy category of topologi-
cal pairs.

Singular homology theory is an example of a homology theory. In fact,
the homotopy axiom is a consequence of theorem 4.4.9, the exactness axiom
is a consequence of theorem 4.5.4, the excision axiom is a consequence
of corollary 4.6.5, and the dimension axiom is a consequence of lemmas 4.4.1
and 4.3.1. Therefore, there exist homology theories.

Corresponding to any homology theory there are reduced groups defined
as follows. If X is a nonempty space, let ¢: X — P be the unique map from
X to some one-point space P. The reduced group H(X) is defined to be the
kernel of the homomorphism

H(c): H(X) — H(P)
Because c¢ has a right inverse, so does H(c). Therefore
H(X) =~ H(X) ® H(P)

and the reduced groups have properties similar to those of the reduced
singular groups.

Given a triple B C A C X, let k: A C (A,B) and define 9(X,A,B):
H(X,A) — H(A,B) to be the composite
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3(X,A,B) = H(k)a(X,A): H(X,A) — H(A) — H(A,B)

5 TtHEOREM For any triple (X,A,B), with inclusion maps i: (A,B) C (X,B)

and j: (X,B) C (X,A), there is an exact sequence

. — HyAB) 2 Hyx,B) 29 | A4

H{(XA) =5 H, 1(A,B) —

PROOF The proof involves diagram chasing based on the exactness axiom 2.
We prove exactness at Hy(A,B) and leave the other parts of the proof to the
reader.

(@) im 94.1(X,A,B) C ker Hy(i). Hy(i)d4+1(X,A,B) is the composite
Hoa(X.A) "5 Hy(A) ™0 Hy(A,B) %5 H(X.B)

which also equals the composite
Hya(X.A) =02 1 a) 20 110 25 Hyx.B)
where i': A C X and i": X C (X,B). By axiom 2, Hy(i")94+1(X,A) = 0. There-
fore Hy(i)9441(X,A,B) = 0.
(b) ker Hy(i) C im 94,1(X,A,B). Let z € Hy(A,B) be such that Hy(9)z = 0.
Then 94(X,B)Hy(i)z = 0, and because 04(A,B) = 04(X,B)H,(1), 94(A,B)z = 0.
By axiom 2, there is 2 € Hy(A) such that Hy(k)z’ = z. Because the composite

Hy(A) #5 Hy(X) =5 Hy(X.B)
equals the composite Hy(i)Hg(k), it follows that
Hy(i"YHy(i")7 = Hy(i)Hy(k)z = Hg(i)z = 0
By axiom 2, there is 2" € Hy(B) such that if j: B C X, then Hy(i")z’ = H(j')z".
Givenj': B C A, then Hy(j') = Hy(i')Hy(j"’). Therefore Hy(i')(z' — Hy(j"")z") = 0.
Again by axiom 2, there is 2 € Hy,1(X,A) such that 94, 1(X,A)Z = 2 — Hy(j"")z".
Then, because Hy(k)Hy(j"") = 0,
dq+1(XAB)Z = Hy(k)0g11(X,A)2 = Hy(k)z" — Ho(k)Hy(j")2" = 2
which shows that z is in im 2,.1(X,A,B). =

The exact sequence of theorem 5 is called the homology sequence of the triple
(X,A,B). If B = @, it reduces to the homology sequence of the pair (X,A).

Let H and 9 and H' and 9’ be homology theories. A homomorphism from
H and 9 to H" and 9’ is a natural transformation h from H to H' commuting
with 9 and 9’. That is, for every (X,A) there is a commutative diagram

HX,A)

H(x,A) 2549, Ha)
h(X,A)\L lh(A)
H(x,A) 2525 gra)

in which the vertical maps are homomorphisms of degree 0. In view of the
dimension axiom, a homomorphism h induces a homomorphism ho: Z — Z
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that characterizes h on one-point spaces. The main result proved by Eilenberg
and Steenrod is that corresponding to any homomorphism hg: Z — Z there
exists a unique homomorphism h from H and o to H' and o', on the category
of compact polyhedral pairs, which induces ho. We shall not prove this, but
shall content ourselves with proving that a homomorphism h which is an iso-
morphism for one-point spaces is an isomorphism for any compact polyhedral
pair. This will illustrate how the axioms-can be used and will suffice for our
later applications.

The following is an easy consequence of the exactness axiom and the
five lemma (or of theorem 5 and axiom 2).

6 1EmMMA Let A’ C A C X Then HA') = H(A) if and only if HX,A") =
H(X,A) (both maps induced by inclusion). =

We now prove a stronger excision property. A map f: (X,A) — (Y,B) is
called a relative homeomorphism if f maps X — A homeomorphically onto
Y — B. Following are some examples.

7 An excision map (X — U, A — U) C (X,A), where U C A, is a relative
homeomorphism.

8 If X is obtained from A by adjoining an n-cell e and f: (E%,S""1) — (e,é)
is a characteristic map for e, then f is a relative homeomorphism.

9 THEOREM Let X be a compact Hausdorff space and let A be a closed
subset of X which is a strong deformation retract of one of its closed neigh-
borhoods in X. Let f: (X,A) — (Y,B) be a relative homeomorphism, where Y
is a Hausdorff space and B is closed in Y. Then, for any homology theory
H(f): HX,A) = H(Y,B).

PROOF Let N be a closed neighborhood of A in X such that A is a strong
deformation retract of N and let U be an open subset of X such that
A C UCUC N (U exists because X is a normal space). Let F: N X I — N
be a strong deformation retraction of N to A.

Define N = fIN) UB, U = lU) U B,and F: N' X [ - N' by

F(yt) =y yeBtecl
F(yt) = fF(fy)t) yCfIN),tcl

Then F' is well-defined and continuous on each of the closed sets B x I and
fIN) x I. Therefore F’' is continuous and is easily verified to be a strong
deformation retraction of N’ to B. Because X — U is open in X — A,
Y — (f{iU) U B) is open in Y — B, and because B is closed, it is open in Y.
Therefore f{U) U Bis closed in Y, and U' C filU) U B C N'. Because X — U
is a closed, and hence compact, subset of X, f{X — U) = Y — U’ is a compact
subset of Y. Because Y is a Hausdorff space, Y — U’ is closed in Y, and U’ is

open in Y. We have B C U’ C U’ C N’ and a commutative diagram
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H(X,A) = H(X,N) < HX - UN-U)
H(f )l l l:
H(Y.B) > H(Y,N') < HY-U,N - U)

where the vertical maps are induced by f and the horizontal maps are induced
by inclusion maps. Because A and B are deformation retracts of N and N/,
respectively, H(A) = H(N) and H(B) = H(N'). It follows from lemma 6 that
the left-hand horizontal maps are isomorphisms. The right-hand horizontal
maps are isomorphisms by the excision axiom. The right-hand vertical map is
an isomorphism because it is induced by a homeomorphism. From the com-
mutativity of the diagram, it follows that H( f) is an isomorphism. =

10 tHEOREM Let h be a homomorphism from H and 0 to H' and 0" which
is an isomorphism for one-point spaces. Then, for any compact polyhedral pair
(X,A), h(X,A): HX,A) = H'(X,A).

PROOF By the five lemma, it suffices to prove h(X): H(X) =~ H'(X) for any
compact polyhedron X. Hence, let K be a finite simplicial complex. We need
only prove that h(|K|): H(|K|) = H'(|K|). We prove this by induction on the
number of simplexes of K. If K has just one simplex, |K| is a one-point space,
and h(|K]) is an isomorphism by hypothesis.

Assume that K has m simplexes, where m > 0, and that A is an isomor-
phism for the space of any simplicial complex with fewer than m simplexes.
Assume dim K = n and let s be an n-simplex of K. Let L be the subcomplex
consisting of all simplexes of K different from s. By the five lemma and the
exactness axiom, h(|K|) is an isomorphism if and only if h(|K|,|L|) is an
isomorphism. If j: (|s|,|s|) C (|K|,|L]), it follows from theorem 9 that H(j) and
H'(j) are isomorphisms. Hence we need only prove that h(|s|,|s|) is an
isomotphism.

If n = 0, (Js},]$]) is a one-point space, and h(|s],|$|) is an isomorphism by
hypothesis. If n > 0, because |s| has the same homotopy type as a one-point
space, h(|s|) is an isomorphism. By the five lemma and the exactness axiom,
h(|s|,|s}) is an isomorphism if and only if h(|$|) is an isomorphism. Because § is a
proper subcomplex of K, h(|$|) is an isomorphism by the inductive hypothesis. ®

To extend this result to arbitrary polyhedral pairs (not merely compact
ones), we add an additional axiom. A pair (X,A) with X compact and A closed
in X is called a compact pair.

11 AX10M OF COMPACT SUPPORTS Given any pair (X,A) and given z € Hy(X,A),
there is a compact pair (X',A") C (X,A) such that z is in the image of
H(X',A") — H(X,A).

A homology theory H and 9 satisfying axiom 11 is called a homology
theory with compact supports (Eilenberg and Steenrod use the term “homology
theory with compact carriers”). It is clear that singular homology theory is a
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homology theory with compact supports. We shall see that any homology
theory with compact supports satisfies the analogue of theorem 4.4.6. The
following lemma is the main point in proving this.

12 vemma Let H be a homology theory with compact supports and let
(X',A") be a compact pair in (X,A). Given z € Hy(X',A’") in the kernel of
Hy(X',A") — HyX,A), there is a compact pair (X",A”), with (X',A") C
(X", A") C (X,A), such that z is in the kernel of H(X',A") — H(X",A").

proo¥ In the proof all unlabeled maps are induced by inclusion. z is in the
kernel of the composite

Hyx'A) 29 H(XAY) — Hy(X,A)

By theorem 5, Hg(i)z is in the image of Hy(A,A") — Hy(X,A’). By axiom 11,

there is a compact space A” such that A’ C A” C A and such that Hy(i)z is

in the image of the composite Hy(A”,A’) — Hg(A,A") — Hy(X,A"). By theorem 5,

the composite Hy(A"”",A") — Hy(X,A") — Hy(X,A"”) is trivial. Therefore z is in

the kernel of Hy(X',A’} — Hy(X,A”) for some compact A" containing A’.
Because z is in the kernel of the composite

Hy (X", A") LN Hy(X" U A", A”) — Hy(X,A")
it follows from theorem 5, that Hy(j)z is in the image of
Og+1: Hop1(X, X' U A”) — H (X" U A, A”)
By axiom 11, there is a compact X" containing X’ U A” such that Hy(j)z is in
the image of the composite
Hy (X', X' UA”") - Hyi(X, X" U A”) SN Hy (X" U A", A”)

This composite is also equal to the map 9411: Hyyr(X”, X" U A”) —
H, (X" U A”, A”). By theorem 5, the composite

Hq+1(X//’ X/ U A//) _ai*; Hq(xl U AH, A//) — Hq(X”,A”)
is trivial. Therefore, z is in the kernel of Hy(X',A") — H (X", A”). =

For any pair (X,A) the family of compact pairs (X’,A’) contained in (X,A)
is directed by inclusion. For any homology theory H and @ the groups
{H(X',A") | (X',A”) compact C (X,A)} constitute a direct system, and the maps
H(X',A") — H(X,A) define a homomorphism i: lim_, {H(X',A")} — H(X,A).

13 tHEOREM A homology theory H and 0 has compact supports if and only
if for any pair (X,A), i: lim_, {H(X',A")} = H(X,A), where (X',A") varies over
the family of compact pairs contained in (X,A).

prROOF It is clear that axiom 11 is equivalent to the condition that i be an
epimorphism. Hence, if i is an isomorphism, H and 9 has compact supports.
Conversely, if H has compact supports, i is an epimorphism, and lemma 12
implies that i is also a monomorphism. =
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14 tHEOREM Let h be a homomorphism from H and o to H' and 0’ that is
an isomorphism for one-point spaces. If H and 9 and H' and 0’ have compact
supports, h is an isomorphism for any polyhedral pair.

prooF This follows from theorems 10 and 13 and from the fact that for any
polyhedral pair (X,A) the compact polyhedral pairs (X’,A") contained in it are
cofinal in the family of all compact pairs in (X,A). =

EXERCISES

A CHAIN HOMOTOPY CLASSES
1 For chain complexes C and C’ show that [C;C’] is an abelian group (with group
operation [11] + [r2] = [r1 + 72]) and that there is a homomorphism
@: [C;C'] — Hom (H(C),H(C")
such that ¢[1] = .
2 If Cis a free chain complex, prove that the homomorphism ¢ is an epimorphism.

3 If Cis a free chain complex and H(C) is also free, prove that ¢ is an isomorphism.

B EULER CHARACTERISTICS
1 Let (X,A) be a pair and assume that two of the three graded groups H(A), H(X), and
H(X,A) are finitely generated. Prove that the third is also finitely generated and that
X(X) = x(A) + x(X.A).
2 Let {X1,Xz} be an excisive couple of subsets of X such that H(Xy) and H(X;) are
finitely generated. Prove that H(X; U X) is finitely generated if and only if H(X; N X»)
is finitely generated, in which case
xX(X1) + x(X2) = x(X1 U Xp) + x(X1 N Xp)

3 Let y be an integer-valued function defined on the class of compact polyhedra with
base points such that

(@) If (X,xo) is homeomorphic to (Y,yo), then y(X,xo) = ¥(Y,yo).

(b) If (X,A) is a compact polyhedral pair and xo € A, then y(X,x0) = Y(A, %) +

Y(X/A,xp), where X/A denotes the space obtained by collapsing A to a single point xj.
Prove that for any X

Y(X,%0) = ¥(S%po)x(X.x0)
[Hint:! Prove first that if zp is a base point of E* in S»~1, then y(E",29) = 0. Show that
the result is true for X = S7, and then use induction on the number of simplexes in a
triangulation of X.]

4 If X and Y are compact polyhedra, prove that
XX X Y) = x(X)x(Y)

1See C. E. Watts, On the Euler characteristic of polyhedra, Proceedings of the American
Mathematical Society, vol. 13, pp. 304-306, 1962.
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EXAMPLES
Let s be an n-simplex and let (s)™ be its m-dimensional skeleton. Compute H((s)™).

Compute the homology group of an arbitrary surface.

W N -

Compute the homology group of the lens space L{p,q).

4 Let A be a subspace of S* which is homeomorphic to the one-point union 57 v §9.
Compute H(S* — A).

3 Let X be the space obtained from a closed triangle with vertices vo, v1, and vy by
identifying the edges vovy, V102, and vave linearly with the edges vyv2, v2v0, and vovy,
respectively. Compute H(X).

6 Given an integer n > 0 and an integer m > 1, prove that there exists a compact
polyhedron X such that

. 0
Ho(X) = {zm Zfﬁ

7 Let H be a finitely generated nonnegative graded abelian group such that Hy is a
free abelian group. Prove that there exists a compact polyhedron X such that H(X) =~ H.

ID JOINS AND PRODUCTS
1 Prove that for any space X there are isomorphisms

Hy(X) = Hgs(X * S°)
(Hint: If Y is contractible, so is X * Y.)
2 Prove that for any space X there are isomorphisms
Hy(X X 87 X X po) = Hy-n(X)
[Hint: Use induction on n and the fact that if Y is contractible, H(X X Y, X X yo) = 0.]
3 Compute the homology group of the n-dimensional torus (S)m.

4 If a space is homeomorphic to a finite product of spheres, prove that the set of
spheres which are the factors is unique.

E  ORIENTATION
1 Let K be an n-dimensional pseudomanifold. Prove that it is possible to enumerate

the n-simplexes of K in a (finite or infinite) sequence sp, s1, . . . , s, . . .and to find a
sequence s1, §2, . . . , 8¢, . . . of (n — 1)-simplexes of K such that for g > 1, s; is a face
of 54 and also a face of s; for some i < g.

2 If K is a finite n-dimensional pseudomanifold, prove that exactly one of the following
holds:

(a) Hy(K,K) =~ Z and H,_;(K,K) has no torsion.

(b) Hu(K.K) = 0 and H,_1(K,K) has torsion subgroup isomorphic to Zs.
3 Let K be a finite simplicial complex which is homogeneously n-dimensional and such
that every (n — 1)-simplex of K is the face of at most two n-simplexes of K. Let K be the
subcomplex of K generated by the (n — 1)-simplexes of K which are faces of exactly one
n-simplex of K. Prove that if (K,K) satisfies either (a) or (b) of exercise 2 above, then K
is an n-dimensional pseudomanifold.

A finite n-dimensional pseudomanifold is said to be orientable (or nonorientable) if it
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satisfies (a) (or (b)) of exercise 2. An orientation of an orientable n-dimensional pseudo-
manifold K is a generator of Hy(K,K), and an oriented n-dimensional pseudomanifold is
an n-dimensional pseudomanifold together with an orientation of it.

4 Let z € Hy(K,K) be an orientation of a finite n-dimensional pseudomanifold. If s is
any n-simplex of K, prove that there is a unique orientation of s, denoted by z | s € Hy(s$)
and called the induced orientation of s, characterized by the property that z and z|s
correspond under the homomorphisms

H,(K,K) — Hy(K, K — 5) <= Hy(s,9)

A collection of orientations {o(s) € Hy(s,s)} for each n-simplex s of an n-dimensional
pseudomanifold is called compatible if for any (n — 1)-simplex s’ of K — K which is a
face of the two n-simplexes s; and sy of K, o(s;) and —o(sz) correspond under the
homomorphisms

Hy(s1,81) 5 H1(51) = Hp_1($1, $1 — &)

H,(s2,52) 2> Hy_1(S2) — Hpn_1(S2, $2 — §)

5 If z is an orientation of a finite n-dimensional pseudomanifold, prove that the col-
lection {z | s} is compatible. Conversely, given a compatible collection {a(s)} of orienta-
tions of the n-simplexes s of a finite n-dimensional pseudomanifold K, prove that there
is a unique orientation z of K such that z | s = o(s) for each n-simplex s of K. Use this to
define orientability for arbitrary (nonfinite) n-dimensional pseudomanifolds. [Hint: Iden-
tify Hn(K,K»~1) with indexed collections {o(s) € Hy(s,s)}, where s varies over the
n-simplexes of K, and show that the image of the homomorphism H,(K,K) — H,(K,K""1)
consists of the compatible collections.]

F DEGREES OF MAPS

Let K; and K, be finite n-dimensional pseudomanifolds with orientations z, and z,
respectively. Given a continuous map f: (|Ky,|K1|) — (|Kz|,|Kz|), its degree, denoted by
deg f, is the unique integer such that f,(2:) = (deg f)z2 [where we regard
21 € Hy(|K1),|K1]) and zz € Ha(|Kz|,|Ka|)].

1 Let ¢: (Ki,K1) = (K2,K2) be a simplicial approximation to f, let s; be a fixed
n-simplex of Kz, and let m_(¢) (or m_(p)) be the number of n-simplexes sy of Ky such
that ¢ maps the induced orientation z; | s; into the induced orientation z; | sz (or into
—2z | 82). Prove that deg f = m(p) — m_(p).

2 In case K is a finite orientable n-dimensional pseudomanifold and f: (KL,IK]) —
(IK|,|K]), there is a unique integer deg f such that f, (z) = (deg f)z for any z € H,(|K|,|K|).
Prove that if £, g: (K|,[K]) — ([KJ,/K]), then deg (g ° f) = (deg g) (deg f)

3 Let f: S* — S be a map such that f(E}) C E%, E") C E™ and let f: S»~1 — Sn—1
be the map defined by f. Prove that deg f = deg f".

4 Show that for any n > 1 and any integer m there is a map f: $» — $» such that
deg f = m.

G TOPOLOGICAL INVARIANCE OF PSEUDOMANIFOLDS
1 Let K be a simplicial complex and let x € {s), where s is a simplex of K. Prove that
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there is an isomorphism
H(IK], [K| — st s) = H(IK|, |K| — %)
2 Let K be a simplicial complex and let x € (s), where s is a principal n-simplex of K
(that is, s is not a proper face of any simplex of K). Prove that
0 #+n
KL K -0 ={, 97"
3 Prove that a locally compact polyhedron X has dimension n if and only if n is the
largest integer such that there exist points x € X, with H,(X, X — x) 5= 0.

4 Let X be a finite dimensional polyhedron and for each n let X,, be the closure of the
set of all x € X having a neighborhood U such that H,(X, X — y) = Z forally € U. If
K is any simplicial complex triangulating X and K, is the subcomplex of K generated by
the principal n-simplexes of K, prove that K, triangulates X,.

3 Prove that the property of being homogeneously n-dimensional is a topologically
invariant property of simplicial complexes (and so we can speak of a homogeneously
n-dimensional polyhedron).

6 Let K be an arbitrary simplicial complex triangulating a homogeneously n-dimensional
polyhedron X. Prove that every (n — 1)-simplex of K is the face of at most two n-simplexes
of K if and only if Hy(A,A — x) =0 for all x € A and all ¢ > n — 1, where A is the
closure in X of the set {x € X | Hy(X, X — ) is noncyclic}.

7 Let X be a homogeneously n-dimensional polyhedron satisfying exercise 6 and let
X = B,_1, where B is the closure in X of the set {x € X | Hy(X, X — x) = 0} and where
B,,_1 is defined in terms of B, as in exercise 4. If K is any simplicial complex triangulating X,
prove that the subcomplex of K generated by the (n — 1)-simplexes of K which are faces
of exactly one n-simplex of K triangulates X.

8 Prove that the property of being a finite n-dimensional pseudomanifold is a topo-
logically invariant property of simplicial complexes.

H EDGE-PATH GROUPS

1 Let K be a connected simplicial complex with a base vertex vy € K. Given an edge
e = (vo,tn), of K, let [¢] be the oriented l-simplex [ve,tn]. If L = @12 - - - e, is a closed
edge path of K at vo, let Y(§) = [e1] + [e] + -+ + [e;] € C(K). Prove that () is a cycle
and that if { and {’ are equivalent edge paths, then () and Y({') are homologous.

2 Prove that there is a natural transformation : E(K,v0) — H1(K) (on the category of
connected simplicial complexes with a base vertex) defined by ¢[{] = {¢({)}.

3 Prove that the homomorphism v is an epimorphism and has kernel equal to the com-
mutator subgroup of E(K,vo).

I AXIOMATIC HOMOLOGY THEORY
In this group of exercises H will denote an arbitrary homology theory.

1 Let X; and X; be subspaces of a space X. Prove that the following are equivalent:

(a) The excision map (X1, X1 N X2) C (X3 U Xz, Xp) induces an isomorphism of
homology.

(b) The excision map (Xz, X1 N Xz) C (X; U Xz, X;) induces an isomorphism of
homology.

{c) The inclusion maps
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i1: (Xl’ X1 n Xg) C (Xl U Xz, X1 n X2)
and
iz: (Xz, X1 N Xz) C (Xl U Xg, X1 n Xz)
induce monomorphisms on homology and
H(X; U X3, X1 N X)) = i1+ H(X1, X1 N X3) @ ipe H(X2, X3 N Xp)
(d) The inclusion maps
115 (Xl U Xz, X1 N Xz) C (X1 @] Xz, Xl)
and
jor (X1 U Xg, X1 N Xg) C (X1 U Xz, Xo)
induce epimorphisms on homology and f;. and jz« induce an isomorphism
H(X] U X, X3 N XQ) = H(Xl U Xo, Xl) &) H(Xl U Xo, Xz)
(e) Forany A C X; N X; there is an exact Mayer-Vietoris sequence
< Hy(X; N Xo, A) = Hy(X1,A) @ Hy(X2,A)
-> Hq(Xl U X2, A) hard Hq__l(Xl n X2, A) —_> e
(f) Forany Y D X; U X; there is an exact Mayer-Vietoris sequence
<o = Hy(Y, X1 N Xg) = Hy(Y,X1) @ Hy(Y,Xp)
- Hq(Y, X1 ] Xz) g Hq_l(Y, Xl N Xz) —> ...
2 Let Xy, ..., Xnand A be closed subspaces of a space X such that
(@) X = UX,.
b) Xi N X; = Aifi 1.
(¢) Xi — A is disjoint from X; — A if i 7.
Prove that the homomorphisms H(X;,A) — H(X,A) are monomorphisms and H(X,A) is
isomorphic to the direct sum of the images.

3 Let {X;};cs (with J possibly infinite) be a collection of closed subsets of a space X
and let A be a subspace of X such that (a), (b), and (c) of exercise 2 above are satisfied.
Assume also that every compact subset of X is contained in a finite union of {X;} and
that H is a homology theory with compact supports. Prove that H(X,A) = @);.s H(X;A).

4 Let (X,A) be a topological pair and let {X,} be a family of subspaces of X indexed
by the integers such that

((1) A= X__l.

(b) X5 C Xgyq for all s.

(¢) X = U X, and every compact subset of X is contained in X, for some s.

(d) HyXXs-1) = 0if g5~ sand s > 0.
Let C = {C,,34} be the nonnegative chain complex with C, = Hy(X,,X,4_1) for ¢ > 0 and
9y the connecting homomorphism of the triple (X;, Xg-1,X4-2) for g > 1. If H has compact
supports, prove that H(X,A) =~ H(C). [Hint: Prove that there are exact sequences

Hg11(Xq41,Xo) 2 Ho(Xg,A) = Hy(X,A) — 0
and
0 — Hy(Xg,A) > Hy(Xg,Xg-1) = Hy 1(Xg_1,A)]

3 Let H be a homology theory defined on the category of compact pairs. Prove that
there is an extension of H to a homology theory H with compact supports such that
H(X,A) = lim_, {H(X',A")| (X',A’) a compact pair in (X,A)}.
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WE ARE NOW READY TO EXTEND THE DEFINITION OF HOMOLOGY TO MORE GENERAL
coefficients. In this framework the homology considered in the last chapter
appears as the special case of integral coeflicients. The extension is done in a
purely algebraic way. Given a chain complex C and an abelian group G, their
tensor product is the chain complex C ® G = {C; ® G, 94 ® 1}, and the
homology of C ® G is defined to be the homology of C, with coeflicients G.

We shall also introduce the concepts of cochain complex and cohomology.
These are dual to the concepts of chain complex and homology and arise on
replacing the tensor-product functor by the functor Hom.

We shall establish universal-coefficient formulas expressing the homology
and cohomology of a space with arbitrary coeflicients as functors of the
integral homology of the space. Although these new functors do not distinguish
between spaces not already distinguished by the integral homology functor,
it is nonetheless important to consider them, as it frequently happens that the
most natural functor to apply in a given geometrical problem is determined
by the problem itself and need not be the integral homology functor. For
example, in the obstruction theory developed in Chapter Eight we shall be

211
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led to the cohomology of a space with coefficients in the homotopy groups of
another space.

A further consideration is that the cohomology of a space has a multipli-
cative structure in addition to its additive structure, which makes cohomology
a more powerful tool than homology. We shall present some applications of
this added multiplication structure, the most important of which is the study
of the homology properties of fiber bundles, where we establish the exactness
of the Thom-Gysin sequence of a sphere bundle.

At the end of the chapter is a brief discussion of cohomology operations.
These are natural transformations between two cohomology functors and
strengthen even further the applicability of cohomology as a tool. We shall
define the particular set of cohomology operations known as the Steenrod
squares and establish their basic properties.

Sections 5.1 and 5.2 are devoted to homology with general coefficients
and to the universal-coefficient formula for homology. Section 5.3 deals with
the tensor product of two chain complexes and contains a proof of the
Kiinneth formula expressing the homology of the tensor product as a functor
of the homology of the factor complexes. This is applied geometrically to ex-
press the homology of a product space in terms of the homology of its factors.

Sections 5.4 and 5.5 contain the dual concepts of cochain complex and
cohomology and the appropriate universal-coeflicient formulas for them. In
Sec. 5.6 the cup and cap products are defined, the cup product being the
multiplicative structure in cohomology mentioned previously, and the cap
product being a dual involving cohomology and homology together. These
products are used in Sec. 5.7 to study the homology and cohomology of fiber
bundles. We establish the Leray-Hirsch theorem, which asserts that certain
fiber bundles have homology and cohomology which are additively isomorphic
to the homology and cohomology of the corresponding product of the base
and the fiber.

Section 5.8 is devoted to a study of the cohomology algebra. The exact-
ness of the Thom-Gysin sequence is used to compute the cohomology algebra
of projective spaces, and this, in turn, is used to prove the Borsuk-Ulam
theorem. There is also a discussion of the structure of Hopf algebras, which
arise in considering the cohomology of an H space. In Sec. 5.9 the Steenrod
squares are defined and their elementary properties are proved. They will be
applied later.

l HOMOLOGY WITH COEFFICIENTS

In this section we shall extend the concepts dealing with chain complexes to
the case where the chain groups are modules over a ring. The tensor product
of such a chain complex with a fixed module is another chain complex, and
its graded homology module is a functor of the original chain complex and
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the fixed module. These homology modules have properties analogous to those
established in the last chapter for complexes of abelian groups. The section
closes with the definition of a homology theory with an arbitrary coeflicient
module. This is analogous to the concept of homology theory (which has
integral coefficients) introduced in the last chapter.

Throughout this section R will denote a commutative ring with a unit.
We consider R modules and homomorphisms between them. A chain complex
over R, C = {Cgy,0,} consists of a sequence of R modules C; and homomor-
phisms 94: Cq — Cqy.1 such that 8,04,1 = 0 for all q. There is then a graded
homology module

H(C) = {H,(C) = ker 8,/im 9441}

The concepts of chain maps and chain homotopies can be defined for chain
complexes over R, and the results about chain complexes of abelian groups
generalize in a straightforward fashion to chain complexes over R. In particu-
lar, on the category of short exact sequences of chain complexes over R,

0->C—->C—->C"—->0
there is a functorial connecting homomorphism
Oy : Ho(C") = Hq1(C)
and a functorial exact sequence
- 35 Hy(C') > Hy(C) — Hy(C") % Hy 4(C) — - -

If Cis a chain complex over R and G’ is an R module, an augmentation
of C over G’ is an epimorphism & Cy — G’ such that e 9; = 0. An
augmented chain complex over G’ consists of a nonnegative chain complex C
and an augmentation of C over G'.

If C = {C4,04) is a chain complex over R and G is an R module, then
C®G={C®G, 91} is also a chain complex over R, and if C is
augmented over G, then C ® G is augmented over G’ ® G. The graded
homology module H(C ® G) is called the homology module of C with coeffi-
cients G and is denoted by H(C;G). If : C — C' is a chain map,
T®1:C® G- C ® Gis also a chain map, and 7,.: H(C;G) — H(C’;G) de-
notes thte homomorphism induced by 7 ® 1. Given a homomorphism
¢: G — G, there is a chain map 1 ® ¢: C® G — C ® G’ inducing a
homomorphism

¢t H(C,G) — H(C;G)

These remarks are summarized in the following statement.

1 tHEOREM There is a covariant functor of two arguments from the
category of chain complexes over R and the category of R modules to the cat-
egory of graded R modules which assigns to a chain complex C and module G
the homology module of C with coefficients G. =
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Note thatif ¢ € Cyisacycleof Candg € G, thenc ® g € C, ® Gisa
cycle of C® G, and if ¢ is a boundary, so is ¢ ® g. Therefore there is
a bilinear map

Hy(C) x G — Hy(C;G)

which assigns to ({c},g) the homology class {¢ ® g}. This corresponds to a
homomorphism

w: H(C) ® G — H(C;G)

such that u({c} ® g) = {¢ ® g} for ¢ € Z(C). The homomorphism p is easily
verified to be a natural transformation on the product of the category of chain
complexes with the category of modules.

If Cis a chain complex over Z and G is an R module, then C @ Gisa

chain complex over R. It follows from theorem 4.5 in the Introduction that
the homology module over Z of C with coefficients G is isomorphic, as a
graded R module, to the homology module over R of C @ R with coeflicients G.

2 EexamrLE Let C(K) denote the oriented chain complex of the simplicial
complex K. Given an abelian group G and a simplicial pair (K,L), the oriented
homology group of (K,L) with coefficients G, denoted by H(K,L; G), is
defined to be the graded homology group of [C(K)/C(L)] ® G (which is
augmented over Z ® G = G). Then H(K,L; G) is a covariant functor of two
arguments from the category of simplicial pairs and the category of abelian
groups to the category of graded abelian groups. If G is also an R module,
H(K,L; G) is a graded R module. Similar remarks apply to the ordered chain
complex A(K)/A(L).

3 ExampLe If (X,A) is a topological pair and G is an abelian group, the
singular homology group of (X,A) with coefficients G, denoted by H(X,A; G),
is defined to be the graded homology group of [A(X)/A(A)] ® G (which
is augmented over G). It is a covariant functor of two arguments from the
category of topological pairs and the category of abelian groups to the cate-
gory of graded abelian groups. If G is an R module, H(X,A; G) is a graded
R module.

Because the ring R is commutative, there is a canonical isomorphism
G ® G = G ® G for R modules G and G’. Therefore, if C is a chain com-
plex over R, G ® C is canonically isomorphic to C @ G. Hence no new
homology modules are obtained from G &® C.

We recall some general properties of tensor products which will be
important in the next section.

4 vLEmMa  The tensor product of two epimorphisms is an epimorphism.

PROOF Let a: A — A" and f8: B — B be epimorphisms. A” & B” is gener-
ated by elements of the form a” ® b”, where a” ¢ A” and b” € B”. Since
a and 8 are epimorphisms, A”” ® B” is generated by elements of the form
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a(a) ® B(b), where a € A and b € B. Since (a ® B)(a ® b) = ala) ® B(b),
A" & B” is generated by (a ® B)(A ® B), showing that « ® B is an
epimorphism. =

In general, it is not true that the tensor product of two monomorphisms
is a monomorphism (see example 7 below). The following lemma shows that
something can be said about the kernel of « ® 8 when « and 3 are epimorphisms.

3 vwemMma If a and B are epimorphisms, the kernel of a & £ is generated
by elements of the form a @ b, where a € ker a or b € ker B.

PROOF Let a: A — A" and B: B — B” be epimorphisms and let D be the
submodule of A ® B generated by elements of the form a ® b, where
ackeraorb € ker 8. Let p: A ® B— (A ® B)/D be the projection. There
is a well-defined bilinear map
A” X B” — (A ® B)/D

sending (a”,b") to pla ® b), where a € A and b € B are chosen so that
a{a) = a” and B(b) = b”. This bilinear map corresponds to a homomorphism

1 A” ® B - (A ® B)/D
such that Y(a” @ b”) = p(a ® b), where ala) = a’’ and B(b) = b”. It is then
obvious that p equals the composite

A®B22E A" ® B” % (A ® B)/D

This shows that ker (¢ ® ) C D. The reverse inclusion is evident, showing
thatker (@ ® B) = D. =

6 COROLLARY Given an exact sequence
A5A-S A0
and given a module B, there is an exact sequence
AR®B—>AR®B—>A"®B—-0

PROOF It follows from lemma 4 that A ® B — A” ® B is an epimorphism,
so the sequence is exact at A” ® B. If A C A is the image of A’ — A, then,
by lemma 4, A’ ® B —> A ® B is an epimorphism. Because A is also the
kernel of A — A", it follows from lemma 5 that the kernelof A ® B— A” ® B

is the image of A ® B — A ® B. Therefore the sequence is exact at
A®B =

If the original sequence is assumed to be a short exact sequence, it need
not be true that the tensor-product sequence is a short exact sequence. We
present an example to illustrate this.

7 EexampLE  Over Z, consider the short exact sequence

0-72Z%572%7,50
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where a(1) = 2 and B(1) is a generator 1 of Z,. The tensor product of this se-
quence with Zs is not a short exact sequence because a ® 1: Z ® Zy - Z & Z,
is not a monomorphism [Z ® Zy =Zy 7% 0,but (@ ® 1)1 ®1) =2®1 =
1®2-1=0]

8 THEOREM The tensor-product functor commutes with direct sums.
PROOF Assume A = (P A;j and consider the bilinear map A X B— @ (A; ® B)
sending (2 a;, b) to 2 (a; ® b) and the homomorphisms A; ® B — A ® B

for all j. By the characteristic properties of tensor product and direct sum,
there are commutative triangles

AXB A;® B
VN v
A®BS5 DA ®B A®BL@PA; ®B)
Clearly, the maps ¢ and y are inverses, showing that A ® B =~ @ (A; ® B).
If, also, B = (P B, then similarly,

ik

9 THEOREM The tensor-product functor commutes with direct limits.

PROOF Let A = lim_, {A¢} and consider the bilinear map A X B — lim_,
{A* ® B} sending ({a},b) to {a ® b} for a € A and the homomorphisms
A* ® B — A ® B for all a. By the characteristic properties of tensor product
and direct limit, there are commutative triangles
A X B A« @ B
VN s l
A®B%lim, {A«® B} A® B &lim, {A* ® B}

Clearly, ¢ and  are inverses, showing that A ® B =~ lim_, {A« ® B}. If, also,
B = lim_, {B#}, then similarly, A ® B =~ lim, {A* ® Bt}. =

We now consider a special class of short exact sequences. These sequences
have the property that their tensor product with any module is again exact.
A short exact sequence

0>ASAL A S0

is said to be split if B has a right inverse (that is, if there exists a homomor-
phism B: A” — A such that 8 ° 8’ = 1,-). We also say that the sequence
splits.

10 exaMPLE Any short exact sequence 0 — A’ — A £5 A” — 0 with A"
free is split. To see this, let {a]'} be a basis for A" and for each j choose a; € A
so that B(g;) = aj’. Let f': A” — A be the homomorphism such that §'(aj) = a;
for all j. Then B’ is a right inverse of S.
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11 remma  Given a short exact sequence
05ASAB A S0

define A” 5 A’ @ A” B A” by i(d) = (a’,0) and p(a’,a”) = a”’. Then
the following are equivalent:

(a) The sequence is split.

(b) There is a commutative diagram

A
oy 4
A/ Y,T A//
™ 7
A/ @ A//

(c) There is a commutative diagram

A’ )
>

v
Y /=

(d) a has a left inverse.

prROOF If B': A” — A is a right inverse of 8, let y: A’ @ A” — A be defined
by y'(a’,a”) = a(a’) + B'(a”). Then ¥y has the desired properties. Conversely,
given Y/, define f: A” — A by §'(a”’) = y'(0,a”). Then ' is a right inverse
of B, so the sequence is split. Therefore (a) is equivalent to (b). A similar argu-
ment shows that (c) is equivalent to (d). It follows from the five lemma that
in the diagram of (b) [or (c)], ¥’ [or v] is necessarily an isomorphism. There-
fore (b) is equivalent to (¢) with y’ equal to y™1. =

12 coroLLARY Given a split short exact sequence
0>A"SH5AS5A -0
and given a module B, the sequence
0>A®B2LA®B—>A"®B—0
is a split short exact sequence.

PROOF By corollary 6 and lemma 11 we need only show that @ ® 1 has a
left inverse. By lemma 11, a has a left inverse «’. Then o’ ® 1 is a left
inverseof a ® 1. =

In case 0 - C' — C — C” — 0 is a split short exact sequence of chain
complexes, it follows from corollary 12 that for any module G the sequence

0 CR®G-CRG-C"G—>0

is a short exact sequence of chain complexes. This short exact sequence gives
rise to an exact homology sequence, and we obtain the next result.
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13 TtHEOREM Given a split short exact sequence of chain complexes
0-C—-C—>C">0
and given a module G, there is a functorial exact homology sequence
- — Hy(C;G) - Hy(C;G) — Hy(C",G) — Hy 4(CG) — .. =

This implies the exactness of the singular homology sequence (and
reduced homology sequence) of a pair with arbitrary coefficients. Similarly,
there is an exact sequence of a triple with arbitrary coefficients. All these
sequences (except the reduced sequence of a pair) are consequences of the
exactness of the relative Mayer-Vietoris sequence, which we now establish. If
{(X1,A1), (X2,A2)} is an excisive couple of pairs in a topological space, the
short exact sequence of singular chain complexes

0— A(Xl N X2)/A(A1 N Ag) —>
AX1)/A(AL) © A(Xz)/A(A2) — [A(Xy) + AX2)l/[AAL) + A(Az)] - 0

is split [by example 10, because [A(X1) + A(X2)]/[A(A1) + A(Ap)] is a free
abelian group]. Therefore we obtain the following result.

4 cororrary If {(X1,Aq), (X2,A2)} is an excisive couple of pairs in a space
and G is an R module, there is an exact relative Mayer-Vietoris sequence of
{(X1,A1), (X2,A2)} with coefficients G. =

If G is fixed, the singular homology of (X,A) with coeflicients G satisfies
all the axioms of homology theory except the dimension axiom (all of them
are easily seen to hold except exactness, which follows from corollary 14). If
P is a one-point space, there is a functorial isomorphism Ho(P;G) =~ G. This
leads to the following definition.

Let G be an R module. A homology theory with coefficients G consists
of a covariant functor H from the category of topological pairs to graded
R modules and a natural transformation 9: H(X,A) — H(A) of degree —1 sat-
isfying the homotopy, exactness, and excision axioms, and satisfying the
following form of the dimension axiom: On the category of one-point spaces
there is a natural equivalence of H with the constant functor which assigns
to every one-point space the graded module which is trivial for degrees other
than 0 and equal to G in degree 0. A homology theory with coeflicients Z is
called an integral homology theory. An integral homology theory is the same
as a homology theory as defined in Sec. 4.8.

Singular homology with coeflicients G is an example of a homology
theory with coefficients G. The uniqueness theorem 4.8.10 is valid for
homology theories with coeflicients.

In the next section we shall show how the singular homology modules
with coeflicients are determined by the integral singular homology groups.
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2 THE UNIVERSAL-COEFFICIENT THEOREM
FOR HOMOLOGY

In order to express H(C;G) in terms of H(C) and G, it is necessary to intro-
duce certain functors of modules that are associated to the tensor-product
functor. This section contains a definition of these functors, and a study of
them in the special case of a principal ideal domain. This leads to the
universal-coefficient theorem. In the next section these new functors will
enter in a description of the homology of a product space.

Let A be an R module. A resolution of A (over R) is an exact sequence

N 6 M NN o M- NN ¢ LNy QN

If, in addition, each C, is a free R module, the resolution is said to be free.
Thus a resolution of A consists of a chain complex C = {C,,3,} over R which
is augmented over A and is such that C is acyclic. The resolution is free
if and only if the chain complex C is free.

Any R module A has free resolutions. In fact, given an R module B, let
F(B) be the free R module generated by the elements of B and let F(B) — B
be the canonical map. The canonical free resolution of A is the following re-
solution (defined inductively):

. — Flker 9,) 2% F(ker d4_1) 2 - — Flker &) 2 F(A) £ A — 0

The method of acyclic models applies to chain complexes over R and,
when applied to a category consisting of a single object and single morphism,
implies the following result.

1 tHEOREM Let C be a free nonnegative chain complex augmented over
A and let C' be a resolution of A’. Any homomorphism ¢: A — A’ extends to
a chain map

-5 Cp1>C— - >CH5A->0
l l Lol
> C1—>Chi—> - > C S5 A—0

preserving augmentations, and two such chain maps are chain homotopic. =
Specializing to the case ¢ = 14: A C A, we obtain the next result.

2 cororLary If C and C are free resolutions of A, then C and C' are
canonically chain-equivalent chain complexes. =

For modules A and B and a free resolution C of A, it follows from corol-
lary 2 that the graded module H(C;B) depends only on A and B. Let C be the
canonical free resolution of A. For ¢ > 0 we define the gth torsion product
Tory (A,B) = Hy(C;B). It is a covariant functor of A and of B. From the short



220 PRODUCTS CHAP. 5
exact sequence
0—-01Ci—>Ch5A—-0

it follows from corollary 5.1.6 that there is an exact sequence

311 ®B—>Co®B 2L A®B—0
By definition, Tor, (A,B) is the zeroth homology module of the chain complex

> C®B—C ®B2%LC,®B—0
Hence Tor, (A,B) = (Co ® B)/im (31 ® 1). By the above exact sequence,

im (8; ® 1) = im (81C1 ® B— Cy ® B) = ker (¢ ® 1)
Therefore
Torg (A,B) = (Co ® B)/ker (¢ ® 1) @ A ® B

and so Torg (A,B) is naturally equivalent to A & B.

All the previous remarks are valid for any commutative ring with a unit.
For the remainder of this section we specialize to the case where R is a prin-
cipal ideal domain. Over a principal ideal domain any submodule of a free
module is free. Therefore any module A has a short free resolution of the form

0-—)C1—>C0—->A——)0

(simply let Co = F(A) and Cy = ker [F(A) — A}). Such a short free resolu-
tion of A is the same as a free presentation of A. Because there exist short
free resolutions, Tor, (A,B) = 0 if ¢ > 1. We define the torsion product
A # B to equal Tory (A,B). It is characterized by the property that, given any
free presentation of A,

0-C,—>Ch—>A—->0
there is an exact sequence
0>A%*B—>Ci®B—>Co®B—>A®B—->0

In fact, A * B =~ H{(C ® B) = ker (C; ® B— Cy ® B), since C; ® B = 0.

The torsion product is a covariant functor of each of its arguments.
Because the tensor product commutes with direct sums and direct limits (by
theorems 5.1.8 and 5.1.9) and the direct limit of exact sequences is exact (by
theorem 4.5.7), the torsion product also commutes with direct sums and
direct limits. Its name derives from the fact that it depends only on the
torsion submodules of A and B (see corollary 11 below).

3 EexamprLE If A is free, it has the free presentation
0-0->A—-A—->0
from which we see that A * B = 0 for any B.
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4 exampLE If A is the cyclic R module whose annihilating ideal is generated
by an element v € R, then A = R/vR and there is a free presentation of A

0->RS5R—>A-0

in which a(v’) = vv’ for v’ € R. For any module B there is an isomorphism
R® B =B sending 1 ®b to b. Under this isomorphism, the map
a®1: R®B—>R®B corresponds to «’: B— B, where o'(b) = vb for
b € B. Therefore ker o’ is the submodule of B annihilated by v, and so

(R/vR)* B= {b € B|vb = 0}

The abeve examples suffice to compute A * B for a finitely generated
module A (because of the structure theorem 4.14 in the Introduction). This
theoretically determines A * B for arbitrary A, because any A is the direct
limit of its finitely generated submodules (see theorem 4.2 in the Introduction)
and the torsion product commutes with direct limits.

5 v1emma If A or B is torsion free, then A *# B = 0.

PROOF Because the torsion product commutes with direct limits, it suffices
to consider the case where A and B are finitely generated, in which case being
torsion free is equivalent to being free. If A is free, the result follows from
example 3. If B is free and finitely generated, it is isomorphic to a direct sum
of n copies of R. If

0-Ci—>Cy—>A—-0

is a free presentation of A, then C; ® B— Cy ® B— A ® B — 0isisomorphic
to a direct sum of n copies of the sequence C;y ® R— Co ® R—>A ® R— 0.
Since C; ® R — Co ® R is a monomorphism, so is C; ® B — Cy ® B, and
A¥B=0 =

It follows that if R is a field, then A * B = 0 for all modules A and B.
The following result is proved similarly by proving it first for finitely generated
modules (where being torsion free is equivalent to being free) and taking
direct limits to obtain the result for arbitrary modules.

6 1LEmMmA  Given a short exact sequence of modules
0>A">5A—->A">0

and given a module B, if A” or B is torsion free, there is a short exact
sequence

0>A®B>A®B->A"®B—-0

PROOF Asremarked above, it suffices to prove the resultif A” or Bis free and
finitely generated. If A" is free, the original sequence splits, by example 5.1.10,
and the result follows from corollary 5.1.12. If B is free and finitely generated,
the map A’ ® B— A & Bis a finite direct sum of copies of A’ ® R — A ® R,
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and hence a monomorphism. The result follows from this and corollary 5.1.6. =

We use this result to obtain an exact sequence of homology correspond-
ing to a short exact sequence of coefficient modules.

7 THEOREM On the product category of torsion-free chain complexes C
and short exact sequences of modules

0-G5%G5%GE -0
there is a natural connecting homomorphism
B: H(C;G") — H(C;G)
of degree —1 and a functorial exact sequence
- Hy(C;G) B H,(C;G) ™ Hy(C,G) H, 1(C;G)— ...
PROOF By lemma 6, there is a short exact sequence of chain complexes
0-COGCLE%CcRc8LcRe" -0

Since this is functorial in C and in the exact coeflicient sequence, the result
follows from theorem 4.5.4. =

The connecting homomorphism B occurring in theorem 7 is called the
Bockstein homology homomorphism corresponding to the coefficient sequence

0— G % G-% G’ — 0. Theorem 7 remains valid over an arbitrary commu-
tative ring R with a unit if C is assumed to be a free chain complex over R.

Let C be a chain complex over R and let G be an R module. Recall the
homomorphism p: H(C) ® G — H(C;G) defined in the last section. This
homomorphism enters in the following universal-coefficient theorem for
homology.

8 rtHEOREM Let C be a free chain complex and let G be a module. There
is a functorial short exact sequence

0> Hy(C)® GH Hy(C®G)— Hy 4(C)* G — 0
and this sequence is split.
PROOF Let Z be the subcomplex of C defined by Z, = Z,(C) with trivial
boundary operator and let B be the complex defined by B, = B,_;(C) with

trivial boundary operator. Both B and Z are free chain complexes and there
is a short exact sequence

0—-Z%CE B0

where ay(2) = z for z € Z; and By(c) = 94¢ for ¢ € C,. Since B is a free com-
plex;, this short exact sequence is split. By theorem 5.1.13, there is an exact
sequence

. = Hy(Z;G) * H,(C;G) % Hy(B;G) % H, 1(Z:G) — - ..
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where 8, (b} = {az1104071b} = {azly(b)} for b € B,_;. Since Z and B have
trivial boundary operators, so do Z ® G and B ® G. Therefore Hy(Z;G) =
Z, ® G and Hy(B;G) = B, ® G = B;_1(C) ® G, and the above exact se-
quence becomes

. — B,(C) ® G121 7,(C) ® G — H (C,G) -
B, 1(O)® G 8L 7 (O)®G— ---

where v,: By(C) C Z,4(C). From the exactness of this sequence we obtain a
short exact sequence

0 — coker (v, ® 1) — Hy(C;G) — ker (yq-1 ® 1) > 0

and it only remains to interpret the modules on either side of Hy(C;G).
Since Z,(C) is free, the short exact sequence

0 — By(C) I Z4(C) — Hy(C) - 0
is a free presentation of Hy(C). By the characteristic property of the torsion
product, there is an exact sequence
0 — Hy(C) % G — By(C) ® G 2L Z,(C) ® G — Hy(C) ® G — 0

Therefore coker (v, ® 1) = H,y(C) ® G and ker (v, ® 1) = Hy(C) * G. Sub-
stituting these into the short exact sequence above yields the short exact
sequence

0 — Hy(C) ® G — H,(C;G) — Hy_1(C) * G — 0

It is easily verified by checking the definitions that the homomorphism
H,(C) ® G — Hy(C;Q) is equal to p.
If 7: C — (' is a chain map, 7 defines a commutative diagram

0-2%CE5B->0
GRS
0>272%Cc8 B0
from which we obtain the commutative diagram
0 > H(C)® G N Hy(C;G) — Hye4(O)*G — 0
T ® ll J,T* J,T* *1
0 — HfC)® G £ Hy(C:G) — Hyy(C)* G — 0

Therefore the short exact sequence for Hy(C;G) is functorial.

We now prove that the short exact sequence is split (but is not functorially
split). Because B,_1(C) is free and 9,C; = B,_1(C), there exist homomorphisms
hq: Bg_1(C) — Cq4 such that 95hy = 1. Then

he® 1: By1(C)® G — C, ® G
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maps the kernel of y,_; ® 1 into cycles of C; ® G and induces a homomor-
phism Hy_1(C) * G — Hy(C;G) which is a right inverse of the homomorphism
Hy(C;G) — H,_1(C) * G of the short exact sequence in the theorem. =

We can use this result to establish some properties of the torsion product,
beginning with the following six-term exact sequence connecting the tensor
and torsion products.

9 coroLLARY Let 0 — B 5 B2 B” — 0 be a short exact sequence of
modules and let A be a module. There is an exact sequence

0> A*B 1*% AxpB L8 AxpB’ s
AQB 1245 A®BLISE, AQ® B =0

PROOF Let 0 — C; — Cyp — A — 0 be a free presentation of A and let C be
the corresponding free chain complex obtained by adding trivial groups on
both sides. Since C is free, it follows from lemma 6 that there is a short exact
sequence of chain complexes

0-CRB Ll CRBLEE, C®B' -0

Because Hy(C) = 0 if ¢ 5 0 and Ho(C) = A, the homology sequence of the
above short exact sequence of chain complexes (interpreted by means of
theorem 8) gives the desired exact sequence. =

This yields the commutativity of the torsion product.
10 cororLarYy There is a functorial isomorphism
A*B=B*A

PROOF Let 0 — C; — Cy — B — 0 be a free presentation of B. By corol-
lary 9, there is an exact sequence

05A%C{i>A%*Cy—>A*B>AR®RC{I>A8C,>AR®B—>0

Since Cy is free, it follows from lemma 5 that A * Cy = 0, and there is an
exact sequence

0>A*B>5>A®RCI-AQRC—>AR®B—-0
By the characteristic property of B * A, there is an exact sequence
0>B*A>5Ci®A>5C®A>BX®A0

The functorial isomorphism A * B = B # A then results by chasing in the
commutative diagram

0 >A*B > AR®RC; - ARC) > A®B >0
® = =
0 5>B*A > Ci®A 5 Co®A 5>B®A >0

in which the vertical maps are the functorial isomorphisms expressing the



